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Part I 

Correlation Functions and 
Eisenstein Series 



1 The Big Picture 



{String theory} 

T I 

{2-d conformal field theory} 

T I 

{Vertex operator algebras} 

TI 

{Modular forms and elliptic functions} 
t I 

{L-series and zeta-functions} 



The leitmotif of these Notes is the idea of a vertex operator algebra (VOA) 
and the relationship between VOAs and elliptic functions and modular forms. 
This is to some extent analogous to the relationship between a finite group 
and its irreducible characters; the algebraic structure determines a set of 
numerical invariants, and arithmetic properties of the invariants provides 
feedback in the form of restrictions on the algebraic structure. One of the 
main points of these Notes is to explain how this works, and to give some 
reasonably interesting examples. 

VOAs may be construed as an axiomatization of 2-dimensional confor- 
mal field theory, and it is via this connection that vertex operators enter 
into physical theories. A sketch of the VOA-CFT connection via the Wight- 
man Axioms can be found in the Introduction to |Klj . Although we make 
occasional comments to relate our development of VOA theory to physics, 
no technical expertise in physics is necessary to understand these Notes. As 
mathematical theories go, the one we are discussing here is relatively new. 
There are a number of basic questions which are presently unresolved, and 
we will get far enough in the Notes to explain some of them. 
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To a modular form one may attach (via the Mellin transform) a Dirichlet 
series, or L-function, and Weil's Converse Theorem says that one can go the 
other way too. So there is a close connection between modular forms and 
certain L-functions, and this is one way in which our subject matter relates 
to the contents of other parts of this book. Nevertheless, as things stand at 
present, it is the Fourier series of a modular form, rather than its Dirichlet 
series, that is important in VOA theory. As a result, L-functions will not 
enter into our development of the subject. 

The Notes are divided into three parts. In Part I we give some of the 
foundations of VOA theory, and explain how modular forms on the full mod- 
ular group (Eisenstein series in particular) and elliptic functions naturally 
intervene in the description of n-point correlation functions. This is a gen- 
eral phenomenon and the simplest VOAs, namely the free boson (Heisenberg 
VOA) and the Virasoro VOA, suffice to illustrate the computations. For this 
reason we delay the introduction of more complicated VOAs until Part II, 
where we describe several families of VOAs and their representations. We 
also cover some aspects of vector-valued modular forms, which is the appro- 
priate language to describe the modular properties of C 2 -cofinite and rational 
VOAs. We give some applications to holomorphic VOAs to illustrate how 
modularity impinges on the algebraic structure of VOAs. In Part III we de- 
scribe two current areas of active research of the authors. The first concerns 
the development of VOA theory on a genus two Riemann surface and the 
second is concerned with the relationship between exceptional VOAs and Lie 
algebras and the Virasoro algebra. 

There are a number of Exercises at the end of each Subsection. They 
provide both practice in the ideas and also a subtext to which we often refer 
during the course of the Notes. Some of the Exercises are straightforward, 
others less so... Even if the reader is not intent on working out the Exercises, 
he or she should read them over before proceeding. 

These Notes constitute an expansion of the lectures we gave at MSRI in 
the summer of 2008 during the Workshop A window into zeta and modular 
physics. We would like to thank the organizers of the Workshop, in par- 
ticular Klaus Kirsten and Floyd Williams, for giving us the opportunity to 
participate in the program. 
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2 Vertex Operator Algebras 
2.1 Notation and Conventions 

Z is the set of integers, K. the real numbers, C the complex numbers, fj the 
complex upper half-plane 

Sj = {t G C I 9f(r) > 0}. 

All linear spaces V are defined over C; linear transformations are C-linear; 
End(V) is the space of all endomorphisms of V. For an indeterminate z, 



V[[z,z- 1 }} = |$> n z n \v n ev\, 

f oo 

VMWz- 1 } = v n z n \v n ev 



n=-M 



These are linear spaces with respect to the obvious addition and scalar mul- 
tiplication. The formal residue is 



Res^ v n z n — V-\. 



For integers m, n with n > 0, 

'm\ m(m — 1) . . . (m — n + 1) 



n J n\ 
For indeterminates x, y we adopt the convention that 

(^yf^h^y, (i) 

n>0 

i.e. for m < we formally expand in the second parameter y. 
We use the following q- convention: 

q x = e x ;q = q 2mT = e 2mr (rGj)), (2) 

where x is anything for which e x makes sense. 
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2.2 Local Fields 

We deal with formal series 

^a^GEnd^dz,^ 1 ]]. (3) 



aiz) 



aJv)z~ n -\ 



a(z) defines a linear map 

a(z) : V -> V[[z,z~ l 

The endomorphisms called the modes of a(z). We often refer to the 

elements in V as states, and call V the state-space or FocA; space. 

Remark 2.1 TTie convention for powers of z in ^j) is standard in mathemat- 
ics. A different convention is common in the physics literature. Whenever 
a mathematician and physicist discuss fields, they should first agree on their 
conventions. 

Definition 2.2 a(z) G End(V) [[z, z^ 1 }} is a field if it satisfies the following 
truncation condition V v G V: 

a(z)v eV[[z]][z-\ 

I.e. for v G V there is an integer N (depending on v) such that a n (v) = 
for all n > N. 

Set 

$(V) = {a(z) G End(\Z)[[z,^ 1 ]] | a(z) is a field}. 

V) is the field-theoretic analog of End(V ) . It is a subspace of End(V) [[z, z^ 1 ]] . 

The introduction of a second indeterminate facilitates the study of prod- 
ucts and commutators of fields. Set 



, n—1 



} ] [ Q m; On\Zi Z 2 , 



which lies in End(V)[[zi, z l , z 2 , z 2 ]]. The idea of locality is crucial. 
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Definition 2.3 a(z),b(z) G End(V)[[z, z *]] are called mutually local if 

there is a nonnegative integer k such that 

(z 1 -z 2 ) k [a(z l ),b(z 2 )] = 0. (4) 

If (jlj) holds, we write a(z) ~fc b(z) and say that a(z) and b(z) are mutually 
local of order k. Write a(z) ~ b(z) if k is not specified. a(z) is a /oca/ field if 
a(z) ~ a(^). (jlj) means that the coefficient of each monomial 

zi -1 22 -1 in the 

expansion of the left hand side vanishes. Explicitly, this means that 

X)(-iy(*)[a fc _ J -_ TI 6,_.] = 0. (5) 

Locality defines a symmetric relation which is generally neither reflexive nor 
transitive. 

Fix a nonzero state 1 G V. We say that a(z) G ^(V) is creative (with 
respect to 1) and creates the state u if 

a(z)l = u + ... G V[[z]]. 

We sometimes write this in the form a(z)l = u + O(z). In terms of modes, 

a n l = 0, n > 0, a_il = it. 



Exercise 2.4 Let da(z) = ^2 n {—n — l)a n z~ n ~ 2 be the formal derivative of 
a(z). Suppose that a(z),b(z) G $(V) and a(z) ~fc b(z). Prove that da(z) G 
$(V) and da(z) ~fc+i b(z). 

Exercise 2.5 (Locality- Truncation Relation) Suppose that a(z), b(z) are cre- 
ative fields with a(z) ~^ b(z). By choosing s = 1 and r = k — n for n > k in 
|3J) ; show that a n b = for all n > k i. e. the order of truncation N is k — 1 . 
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2.3 Axioms for a Vertex Algebra 

For various approaches to the contents of this Subsection, see jB], [FHLJ, 

[Elm], [Go], [E], [ll], [MNj. 

Definition 2.6 ^4 vertex algebra fK4^ a quadruple {V,Y, 1,D) where 

t> n z n 1 is a linear map, 

lev, 1^0, 

-D G End(V), £>1 = 0, 

and £/ie following hold for all u, v G V : 

locality : Y{u, z) ~ Y(v, z) 
creativity : Y{u, z)l = u + 0(z) 
translation- covariance : [D, Y{u, z)\ = dY{u, z) 

We often refer to the Fock space V itself as a vertex algebra rather than 
(V,Y,1, D). 1 is called the vacuum state and Y the state-field correspon- 
dence. The physical interpretation of creativity is that Y{u, z) creates the 
state u from the vacuum. This set-up models the creation and annihilation 
of bosonic states from the vacuum. Most of the subtlety is tied to locality 
and its consequences. 

There are a number of equivalent formulations of these axioms. We dis- 
cuss some of them. Another approach, via so-called rationality QFHLj ) is 
also discussed in Subsection llO.il The Jacobi Identity of [FLM] is equivalent 
to the identity 

{ ) ( U r+iV)p+q-i = X^ -1 )* ( r J { U P+r-iVq+i ~ (~1)' ~V q+r _iU p+i } , (6) 

?:>o ^ ' i>o ^ ' 



which holds in a VA for all u, v G V and all p,q,r G Z. Conversely, if 
Y(v,z) G $(V),v G V, are creative fields with respect to 1 and satisfy §6§ 
then (V, Y, 1, D) is a vertex algebra with Du = U-2L 
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Specializing (jUJ) in various ways leads to some particularly useful identities 
first written down in [B] : 



These identities may be stated more compactly using vertex operators, and 
it is often more efficacious to use the vertex operator format. We state one 
more consequence of ([6]), the associativity formula, in the operator format. 
For large enough k (and recalling convention ([1]) 

(*i + z 2 ) k Y{u, Zl + z 2 )Y{v, z 2 )w = (zi + z 2 ) k Y(Y(u, zi)v, z 2 )w. (7) 

We have f jFKRWj . [MP] ) 

Theorem 2.7 Let V be a linear space with ^ 1 6 V and D 6 EndiV). 
Suppose S C ^V) a set o/ mutually local, creative, translation- covariant 
fields which generates V in the sense that 

V = span{a}_ ni . . . a^„ fc l | a l (z) E S, ni, . . . , > 1, k > 0}. 

Then there is a unique vertex algebra (V, Y, 1,D) such that Y{a l _ 1 l 1 z) = 



Exercise 2.8 Prove that the state-field correspondence is injective. 
Exercise 2.9 Prove that 



Exercise 2.10 Deduce the commutator, associator and skew- symmetry for- 
mulas from |5). 





(associator) 




n>0 
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Exercise 2.11 Assume V is a linear space and {Y (v, z) \ v G V} C $(V) 
are mutually local fields such that Y(v,z) is creative (with respect to 1 ^ 0) 
and creates v . Prove that (0|) and the associator formula are equivalent . 

Exercise 2.12 A is a commutative, associative algebra with identity element 
1 and derivation D. Show that there is a vertex algebra (A,Y,1, D) with 
Y(a,z)b = En<-i 



(D~"~ 1 a)b ^— n— 1 
(n+1)! 



-Z 



Exercise 2.13 (V, Y, 1, D) is a VA. Assume either (a) Y(v, z) G End(V)[[z}} 
for v G V , (b) D is the zero map, or (c) dim V is finite. Prove in each case 
that V is of the type described in Exercise \2.12i 

Exercise 2.14 Show that the commutator formula is equivalent to the iden- 
tity [u m , Y(v, z)\ = J2i> {"t)Y(u t v,z)z m -\ 

Exercise 2.15 Show that the skew-symmetry formula is equivalent to the 
identity Y(u, z)v = q®Y{v, —z)u. 

Exercise 2.16 Show that q®Y(u,x)q~ D = Y(u,x + y). 



2.4 Heisenberg Algebra 

In this and the following Subsection we will use Theorem 12.71 to construct 
two fundamental examples of VAs. We must look for generating sets S of 
mutually local, creative, translation-covariant fields. In our two examples, 
S consists of a single field. The construction relies on some basic tech- 
niques from Lie theory (Verma modules, Poincare-Birkhoff-Witt Theorem, 
etc) which are reviewed in the Appendix. 

Let A = Ca be a 1-dimensional linear space. The affine algebra A = 
A[t, t^ 1 ] © CK is the Lie algebra with central element K and bracket 

[a ® t m , a <g> t n ] = md m - n K. (8) 



Remark 2.17 Set p m = ^=a <g> t m (m > 0) and q_ m = -j=a ®t m (m < 0.) 
Then reads 

[Pm, qn] = 0~m,nK. (9) 

These are essentially the canonical commutator relations of Quantum Me- 
chanics. 
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Set = (a g> t n , K \ n > 0), A~ = (a ® t n | n < 0}. These are a Lie 
ideal and Lie subalgebra of A respectively. Let Cvh be the 1-dimensional 
v4--module defined for a scalar h via 

(a®t n ).v h = h5 nfi v h (n> 0). 
The induced (Verma) module is 



M, 



= Ind^C^ = U(A) ® w(4 > } Cv A = W(A-) ® Cv A (10) 

where U{ ) denotes universal enveloping algebra and the third equality in the 
last display is just a linear isomorphism. 

Let a n G End(M^) be the induced action of a <g> t n on Mh, with a(z) = 
J2 n a nZ~ n ~ x ■ In what follows we identify Vh with l®v h- Let t> = a_ ni . . . a- nk .Vh 
with rii > • • • > rik > 1. For n > n\,a n commutes with each a_ ni by (jSj). 
Therefore, a n .t> = a_ ni . . . a_ nk a n .Vh = 0. This shows that a(z) G S'(Mft). As 
for locality, 

2 



i=o W 

E(-l) J (^(2-J-r)^, s _^ (11) 
{(2-r)-2(l-r)-r}<5 r+s , 2 A = 0. 



By flS]) this shows that a(z) ~ 2 a(z). Because 



a(z)v h = hv h z 1 + ) j 



a n .v h z n \ 



n<-l 



we see that a(z) is creative with respect to v% if (and only if) h — 0. In this 
case, Theorem 12.71 and what we have shown imply 

Theorem 2.18 There is a unique vertex algebra (Mq,Y, vq,D) generated by 
a(z) with Y(a, z) = a(z) and Da n .v = — na„_it> . 
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Remark 2.19 In terms of operators on M , (0|) reads [p m ,q n ] = 5 m ^ n Id. 
These relations may be realized by taking p m = -5-^ — , q n = x_ n acting on the 

OX — m 

Fock space C[x_i, x_ 2 , . . .]. This affords an alternate way to understand M . 

Mq is variously called the (rank 1) Heisenberg VA, Heisenberg algebra, or 
free boson. In CFT it models a single free boson. (As opposed to standard 
mathematical usage, free here means that the particle is not interacting with 
other particles.) 

2.5 Virasoro Algebra 

The Virasoro algebra is the Lie algebra with underlying linear space 

Vir = CL n © CK 

and bracket relations 

<ffi — 777 

[L m , L n ] = (m — n)L m+n H — — 8 m - n K. (12) 

Set Vir- = (L n ,K \ n > 0), Vir" = (L n | n < 0), and let Cv c>h be the 
1-dimensional Vir--module defined via 

K.v Cjh = cv Cth , 

L n -V c ,h = 0~nflhv C)h (n > 0) . 

with arbitrary scalars c, h. The induced (Verma) module is then 

M C)h = W(Vir) ® w(Vir ^ Cv c,h = W(Vir-) ® Cv c , h . (13) 

By analogy with Theorem 12. 18} Exercis e | 2.22l (below) suggests that there 
is a VA with Fock space M c and vacuumL 1 ! t> c0 , with L_i playing the role 
of D. This cannot be true as it stands because u(z).v c ^ = L^.v^z' 1 + . . . 
is not creative. To cure this ill requires (at the very least) that we take 
a quotient of M Cj0 by a Vir-submodule that contains L_i.t> Cj0 , and indeed 
it suffices to quotient out the cyclic Vir-submodule generated by this state. 
We will abuse notation by identifying states, operators and fields associated 
with M c with the corresponding states, operators and fields induced on the 
quotient M C! o/W(Vir)L_i.f Cj0 . We then arrive at 

1 As in the case of the Heisenberg algebra, we identify t> c ,o and 1 ® w Cj o- 
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Theorem 2.20 Set Vir c = M C fl/U(Vir)L_i.v c $, u> = L_ 2 -^c,0; andY(uj,z) = 
u(z). Then (Vir c ,Y,v c ^, L_{) is a vertex algebra generated by Y(uj,z). 

Vir c is called the Virasoro VA of central charge c. 

Exercise 2.21 Show that L and Li span a Lie subalgebra of Vir. What 
Lie algebra is it? 

Exercise 2.22 Identify elements of Vir with the endomorphisms they induce 
on M Cj h and set u(z) = Y2L n z~ n ~ 2 G End(M c ^)[[z, z' 1 }}. Prove that u(z) is 
a local field of order 4, and [L_i,u(z)} = du(z). 

Exercise 2.23 Give the details of the proof of Theorem \2.2(A 

2.6 Axioms for a Vertex Operator Algebra 

There is no consensus as to nomenclature for the many variants of vertex 
algebra. Our definition of vertex operator algebra (VOA) is the one used by 
many practitioners of the art, but not all. 

Definition 2.24 A VOA is a quadruple (V,Y, where V = ® n ewVn is a 
Z-graded linear space and 

Y : V -> $(V), v ^ Y(v,z) = J^VnZ- 71 - 1 
l,w 6 V, 1^0. 

The fields Y(v, z) are mutually local and creative, and the following hold: 
Y(u,z) = '^^L n z~ n ~ 2 with a constant c such that 

[L m , L n ] = (m - n)L m+n H — — 5 m - n cld v 

V n = {v 6 V n | L v = nv} 
dim V n < oo, V n = for n < 
F(L_i«, z) = dY{u,z) 
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In effect, a VOA is a vertex algebra with a dedicated Virasoro field. This 
is the field determined by the distinguished state u, called the conformal or 
Virasoro vector. The modes of u are operators L n satisfying the Virasoro 
relations (j!2p with K = cldy. As in Theorem 12.201 we call c the central 
charge of V. The mode L Q of uj, called the degree operator, is required to 
be semisimple, to have eigenvalues lying in a subset of Z that is bounded 
below, and to have finite-dimensional eigenspaces. We often write wt(v) = n 
if v is an eigenstate for Lq with eigenvalue n. It is not hard to see that 
Y(u, z)\ = dY{u, z), so that (V, Y, 1, £-1) is a vertex algebra. 

It should come as no surprise that the vertex algebra Vir c has the struc- 
ture of a VOA of central charge c with vacuum vector f c0 and conformal 
vector to. To see this, note that {L_ m . . . L_ nk .v C)0 |ni > . . . > n k > 2} is a 
basis of the Fock space. We have 

Lo-L- m . . . L_ nk .v c $ = . . . L_ nfc .f c0 

+-^-ni L>oL- n2 . . . L_ nfc .U C) o- 

Now an easy induction shows that 

Lo-L- m . . . L_ nk .v C) o = (y 7ij).L_ ni . . . L_ nk .V C> Q 

i 

so that 

wt(L_ ni . ..L_ rik .v cfi ) = J^nj. 

i 

The needed properties of L required for the next result follow easily, and we 
obtain the following extension of Theorem 12.201 

Theorem 2.25 Vir c is a VOA of central charge c. 

A pair of VOAs V, V are called isomorphic if there is a linear isomorphism 
(p : V — > V , v I— > v' such that ip(u>) = lu', and fY(v, z)/^ 1 = Y(v, z). 

In the following Exercises, V is a VOA. 
Exercise 2.26 Complete the proof of Theorem \2.25[ 
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Exercise 2.27 Prove the following: Y(l,z) = Id, 1 G V ,u> G V 2 , L n l - 
Oforn> -1, (L_i«) n = -nu n _ x . 

Exercise 2.28 Suppose that v & V satisfies L-\V = 0. Prove that v G Vq. 



Exercise 2.29 Suppose that V = CI fc/. Exercise \2.21\) . Prove that V n — 
/or n < . 

Exercise 2.30 S'/toio £/iai dimV^ is finite z/ ; and on/?/ if,u = (cf. Exercise 

Exercise 2.31 Show that the Heisenberg theory M (cf. Subsection \2.4\ ) is 
a VOA with vacuum 1 = v ,u = ^a 2 ^ = |a_ia and central charge c = 1. 
This is the theory of one free boson. 

Exercise 2.32 Let U, V be linear spaces. Show that there is a natural 
injection $(U) <8> $(V) — ► ^([7 <8> V). Suppose in addition that U and V 
are Fock spaces for VOAs with vacuum vectors 1, V and conformal vec- 
tors uj,uj' respectively. Show how to construct the tensor product VOA 
(U ® V, Y, 1 <g) 1', u <g> u') . What is the central charge of this VOA ? 

Exercise 2.33 Let (p : V V be an isomorphism of VOAs. Prove the 
following: (i) V and V have the same central charge; (ii) ip(l) = 1'. 



2.7 VOAs on the Cylinder and the Square Bracket For- 
malism 

There is a sense in which we may think of a VOA as being 'on the sphere'. 
This is closely related to the axiomatic approach via rationality (cf. [FHL] 
and Subsection 110. ip . Here we want to describe the corresponding VOA that 
lives 'on the cylinder'. Roughly, this corresponds to a change of variable 
z — > q z — 1 which we call the square bracket formalism. The main purpose 
is to construct vertex operators that are automatically periodic in z with 
period 27u. Let V = (V,Y, be a VOA of central charge c. For v G V 
introduced 

Y[v,z] = Y{qL°v,q z - 1) = ^[n]^" 1 . (14) 
2 We write modes in the square bracket formalism as v[n] rather than t?r„i. 
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Here, is the operator 

q L z ° : V -> V[[z]], v (v G \4), (15) 

and our g-convention (j2J) is in force. Similar expressions will occur frequently 
in what follows. The v[n] are new operators on V, where for d G 14 and 
m > 0, are given by 



v\m\ = mi 

i>m 



i\ c(k, i, m)vj (16) 
with 

( k ~) +x ) = J2< k ^ m > m 

From (|T6|) and (IT7|) we find for integer n 

fn\ (n + 1 - k) m r . 

Euh = E - m , "N- as) 

i>0 V 7 m>0 

These identities are proved in the Appendix. We also have a new conformal 
vector 

w = «,-^l, (19) 
with corresponding square bracket modes 

n 

In particular, L[0] provides us with an alternative Z-grading structure on V: 

V = ©„V W , 
V[ n ] = {u G V I L[0]u = nu}. 

We write wt[v] = n if v G Vj n j. The following can be proved. 

Theorem 2.34 The quadruple (V, Y [ , ], 1, a)) is a VOA of central charge c. 

Given a VOA V, we say that its alter ego (V, Y [ , ], 1, a)) is 'on the cylin- 
der'. VOAs on the cylinder play an important role in forging the connections 
with modular forms. 
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Example 2.35 In the square bracket formalism, the VOA (M ,Y[ , ],1,£>) 
is generated by a state a with wt[a] = 1. It has a basis of Fock vectors of the 
form a[—ni] . . . a[— n&]l, n\ > . . . > n& > 1 satisfying 



Exercise 2.36 Show that L[-l] = L_ x + L . 

Exercise 2.37 A state v in a VOA V is called primary of weight k with 
respect to the original Virasoro algebra {L n } if, and only if, it satisfies L n v = 
k8 n flV for n > 0. Prove that v is primary of weight k with respect to {L n } 
if, and only if, it is primary of weight k with respect to {L[n}}. 

Exercise 2.38 Prove the assertions of Example \2.35\ in the more precise 
form that (M , Y, 1, oS) and (M , Y[, are isomorphic Heisenberg VOAs. 

3 Modular and Quasimodular Forms 

In this Section we compile some relevant background involving elliptic mod- 
ular forms. This is a standard part of analytic number theory, and there 
are many excellent texts dealing with the subject, e.g. |Knj . [U] . [Se] . [5c] . 
Because it is so central to our cause, we describe what we need here, referring 
the reader elsewhere for more details and further development. 



upper half-plane fj carries a left T-action by Mobius transformations 



[a[m],a[n]] = m5 m+nfi ld. 



3.1 Modular Forms on SL 2 (Z) 
The (homogeneous) modular group is 




with standard generators 




The complex 




(20) 
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In particular, T : r i— > r + 1 and 5 : r i— ► — 1/r. For G Z, there is a right 
action of T on meromorphic functions in fj given by 

/|*7W = (cr + d)- fc /(7T). (21) 

A weafc modular form of weight fc on T is an invariant of this action. Thus 
/|fe7( r ) = f( T ) for 7 G T, which amounts to 

/(r + 1) = /(r), 

= r fe /(r). 

By a standard argument the first of these equalities implies that /(r) has a 
q-expansion, or Fourier expansion at oo, 

/(r) = ^a n( f, (22) 

with constants a n called the Fourier coefficients of /(r). Here we are using 
our g-convention (T5]). 

/(t) is a meromorphic modular form of weight k if its g-expansion has 
the form 

/(r) = £ a n <f (23) 

n>no 

for some no- Assume that /(r) 7^ with a no 7^ 0. We then say that f{r) has 
a pole of order no at 00 if uq < or a zero of order no if no > 0. In the latter 
situation we also say that /(r) is holomorphic at 00. /(r) is a holomorphic 
modular form of weight k if it is holomorphic in f) U {00}. /(r) is almost 
holomorphic if it is holomorphic in S) (the behaviour at 00 being unspecified 
beyond being at worst a pole). Modular forms of weight are often called 
modular functions, though we will not be consistent on this point. Let Wit- 
he the set of holomorphic modular forms of weight k. It is a C-linear space, 
possibly equal to 0. 

Exercise 3.1 Show that the kernel of the Y -action UiDi) is the center of V 
and consists of ±1 , where I is the 2x2 identity matrix. (The quotient group 
= r = r/{±/} is the inhomogeneous modular group.) 
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Exercise 3.2 (a) Show that torsion elements in f have order at most 3. (b) 
Show that T has a unique conjugacy class of subgroups of order 2 or 3. 

Exercise 3.3 Let z G Sj with Stabf(z) = {7 G T | j.z = z} the stabilizer of 
z inT. Prove the following: (a) Stabf(z) is a finite cyclic subgroup, (b) each 
nontrivial torsion element in V stabilizes a unique point in fj. 

Exercise 3.4 Show that T acts properly discontinuously on f) in the follow- 
ing sense: every z G has an open neighborhood N z with the property that if 
7 G f then j{N z ) n N z = <\> if 7 Stab t (z) and j{N z ) D N z = N z otherwise. 
Conclude that the orbit space r \ is a topological 2-manifold (a Hausdorff 
space such that each point has an open neighborhood homeomorphic to IR 2 ^. 

Exercise 3.5 Suppose that /(r) is a nonzero weak modular form of weight 
k. Show that k is even. 

Exercise 3.6 Let E be the set of meromorphic modular functions of weight 
zero. Show that E is a fielM containing C. 

Exercise 3.7 Show that pointwise multiplication defines a bilinear product 
yjl k (gi VJli — ► yJtk+i, with respect to which Wl = ®k^-k is a TL-graded commu- 
tative C-algebra. 

Exercise 3.8 Suppose that f(r) is a meromorphic modular form of weight 
zero. Show that /'(r) is a meromorphic modular form of weight 2. 

3.2 Eisenstein Series on 

Beyond the fact that constants in C are modular functions of weight (cf. 
Exercise 13.61) . it is not so easy to construct nonconstant modular functions of 
weight or any nonzero modular form of nonzero weight. We content our- 
selves with the description of some examples chosen because of their relevance 
to VOA theory. 

The most accessible nonconstant modular forms are the Eisenstein series. 
For an integer k > 2, set 




B, 



2 



k— l„n 




(24) 



3 Of course, field here is in the algebraic sense. 
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Here, Ofc_i(n) = Y2 d \ n d k 1 and is the kth Bernoulli number defined b}0 

El'=>-^4= ! + ... (25) 



q z - 1 ^ k\ 2 12 

^ z fc>0 

The following well-known identity of Euler 

C(*0 = (* > 2 even )> ( 26 ) 

permits us to reexpress the constant term of (1241) in terms of zeta-values. 
The basic fact is this: Let k > 3. JTien E)~(t) is a holomorphic modular form 
of weight k; it is identically zero if, and only if, k is odd. We will see one 
way to prove this in Section [5j We emphasize that E 2 (t) is not a modular 
form. 

The normalization employed in (EMI) is related to elliptic functions (Section 
In fact B 2 k never vanishes, so we can renormalize so that the g-expansion 
begins 1 + . . .. We single out the first three Eisenstein series corresponding to 
k = 2, 4, 6 renormalized in this way, and rename them (following Ramanujan) 

P = l-24^ ( r 1 (n)g n ) 

n>l 



Q = 1 + 240^3(71)^' 

n>l 

R = 1 -504^V 5 (n)g r 



n>l 



P,Q,R are algebraically independent, so that they generate a weighted poly- 
nomial algebra, denoted 

Q = C[P,Q,R), (27) 

where P,Q,R naturally have weights (degree) 2,4,6 respectively Q. is the 
algebra of quasimodular forms. contains every holomorphic modular form. 
Indeed, we have (cf. Exercise !3.Tj) 

Theorem 3.9 The graded algebra 9Jt = ©971^ of holomorphic modular forms 
on T is the graded subalgebra C[Q, R] of £}. 



Several different conventions are used to define Bernoulli number in the literature. 
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Theorem 13.91 follows from a careful study of the singularities (zeros and poles) 
of modular forms, but we will not discuss this here. The Theorem contains 
a lot of information about holomorphic modular forms. For example, there 
are no such nonzero forms of negative weight or weight 2, holomorphic forms 
of weight zero are necessarily constant, and dim 974 < oo. Indeed, inasmuch 
as Q and R are free generators in weights 4 and 6 respectively, the Hilbert- 
Poincare series of 9Jt is 



k>0 



l +t 4 + t 6 + t 8 + t 10 + 2t 12 +t 14 + 2t 16 



As we already mentioned, E 2 {r) is not a modular form. Indeed, it satisfies 
the transformation law 

The importance of E 2 (t) for us stems from its relation to derivatives of 
modular forms. Suppose that /(r) is a meromorphic modular form of weight 
k. We define the modular derivative of /(r) by 

D fe /(r) = D/(r) = (0 + fc£ 2 (r)) /*(r). (30) 

where 6* = qd/dq. One can show without difficulty (cf. Exercise 13.131) that 
Dfk(r) is modular of weight k + 2, and is holomorphic if /&(t) is. 



Exercise 3.10 Prove that 

(1 - g z ) 2 = ? - S if ( fc - l > k ~ 2 - 

v yzy fc>2 

Deduce that = /or odd > 3. 

Exercise 3.11 Prove that E 8 = and £7 10 — jiE^Eq. 

Exercise 3.12 S7iott> £/ia£ < f^j is equivalent to the formula dim9Jt 2 fc = [k/6] 
if k = l(mod 6) and 1 + [k/6] otherwise. 
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Exercise 3.13 Prove that (Z^fc/) |fc+2(' r ) — Afc(/|fc7)( T ) f or an U meromor- 
phic function /(r). Conclude that D k induces a linear map Wlj. — > 97tfc+2. 

Exercise 3.14 Prove toot £>£ 4 = 14£ 6 and DE 6 = f E\. 

Exercise 3.15 Let D : 97t — > £DT be the linear map whose restriction to Wil- 
is Dk. Prove that D is a derivation of the algebra 971. 

3.3 Cusp-Forms and Modular Functions on SL^iJl) 

Thanks to Theorem 13.91 every holomorphic modular form of weight k is 
equal to a unique homogeneous polynomial in Q and R. In this Subsection 
we describe some important examples of particular relevance to VOAs. We 
start with the discriminant, defined via 

A(r) = ^^ = g-24g 2 + ... (31) 

A(t) is evidently a holomorphic modular form of weight 12. It may alterna- 
tively be described by a g-product which goes back to Kronecker, namely 

&{t) = q\[{l - q n f\ ( 32 ) 

n>l 

This formula finds its natural place in the theory of elliptic functions. From 
our present vantage point, the fact that (I3TI) and (|32|) coincide is miraculous. 
Beyond the product formula, the properties that make A(r) important for 
us are the following: it does not vanish in ft, and (up to scalars) it is the 
unique nonzero holomorphic modular form of least weight that vanishes at 
oo. The nonvanishing property has a natural explanation in the theory of 
elliptic functions. Concerning the second property, we introduce cusp-forms 
defined by 

(5fc = {/(t) G 97tfc | / vanishes at oo}, 
6 = @ k & k . 

Our assertions then amount to the following: = for k < 12 and ©12 = 
CA(r). Using dSTJ), it follows that A(r)- 1 is an almost holomorphic modular 
form of weight -12 with a pole of order 1 at 00. Applications of these facts 
are given in Exercise 13.161 
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Closely related to A(r) is the Dedekind r]-function, whose g-expansion is 
the 24th root of that for A(r): 

V(T)=q 1 ' M l[{l-<n. (33) 

n>l 

t](t) is not a modular form in the sense that we have defined it. Note that 
V(r)- 1 = <T 1/24 5>Hg" (34) 

n>0 

= g" 1/24 (l + g + 2g 2 + 3g 3 + 5g 4 + ...), 

an identity which goes back to Euler. (p{n) is the unrestricted partition 
function.) 

Our next example is the famous j-function, defined by 

j{r) = ^-y = q- 1 + 744 + 196884g + . . . (35) 

As the quotient of two modular forms of weight 12, j(r) has weight zero, and 
because A -1 is almost holomorphic then so too is j(r). With the notation 
of Exercise 13.61 j(r) G E. Let r \ £j be the orbit space for the action of V 
on Sj (cf. Exercise 13. 4p . Because the weight is zero, we see from ([21]) that j 
induces a map 

which turns out to be a homeomorphism. It can be shown that E = C(j) is 
exactly the field of rational functions in j. 

Exercise 3.16 Considered as a subspace of the algebra 9Jt, show that & is 
the principal ideal generated by A. 

Exercise 3.17 Show that 9R k = & 2 k © CE 2k for k>2. 

Exercise 3.18 Prove that 6t)(t) = — ^r](r)E2(r) . Conclude that Di 2 A(r) = 
0. Give another proof of this by using Theorem \3.9l 

Exercise 3.19 Regard D as a derivation of DJl as in Exercise Iff, i 51 Show 
that the space of D-constants (i.e., the subspace of 971 annihilated by D) is 
the polynomial algebra C[A]. 

Exercise 3.20 Prove that the ring of almost holomorphic modular functions 
of weight zero on T is the space C[j] of polynomials in j(r). 



24 



4 Characters of Vertex Operator Algebras 



Fix a VOA (V, Y, 1, uj) with Z-graded Fock space V = ®V n and central charge 
c. In this Section we introduce the idea of the character of V as a sort of 
analog of the character of a group representation. This is essentially the 
theory of 1-point correlation functions on V. 



4.1 Zero Modes 

We start with a useful calculation. Suppose that v G V)-,w G V^ m ,n G Z. 
Remembering that Lj = cUj+i, we have 

L w n w = {[ui,v n ] +v n L )w 

H-lV) n +l-i + V n L 1 W 




= ((L-iv) n+1 + (L Q v) n + v n L ) w 
= (m + k — n — l)v n w. 

Here, we used the commutator formula (cf. Section |2"T3"|) for the second equal- 
ity and the last identity of Exercise 12.271 for the fourth equality. What we 
take from this is that modes of homogeneous states are graded operators on 
V: 

V G Vfc =>• V n : V m -> Vm+k-nr-l- (36) 

In particular, let us defined the zero mode o{v) of a state v G Vj. to be 
and extend this definition to V additively. From (I3"oT) we then have for all 
integers m and states v that 

o(v) : K m ^ V m . (37) 

The point of all this is that as an operator on V m we can trace the zero 
mode and form a generating function (cf. ffToT) ) 

g) = Ti v o(v)q L °- c / 2A = q~ c / 2A ^vX^- (38) 



The zero mode of v is generally not the zeroth mode vq but rather the mode which 
has weight zero as an operator. However, in the convention used for modes in CFT as 
practiced by physicists, it is the zero mode. 
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(I38p is to be regarded as a formal g-expansion at this point. Apart from 
memorializing the central charge, the factor q~ c / 2A may seem somewhat ar- 
bitrary. This feeling will pass. Because the homogeneous spaces V n vanish 
for small enough n, we see that 

Z(v,q)eq^ 2A C[[q]][q- 1 ]. 

Z = Z v defines the character of V, i.e., the linear map 

Z:V ^ q^CMWq- 1 } 
v i — ► Z{v , q). 



Exercise 4.1 Let U ®V be the tensor product of VOAs U, V (Exercise{K 
Prove that Zy^y = ZjjZy. 

Exercise 4.2 Suppose that V is a VOA with v G V. Prove the identity 
qtY(v,z)q- L ° = Y(q^v,q x z). 

Exercise 4.3 Let a be the generating state of weight 1 for the Heisenberg 
VOA (Subsection \2.4\ )- Prove that the zero mode o(a) is zero. 

Exercise 4.4 Suppose that Vq = CI (cf. Exercise \2.2tJ\) . Prove using < fff5|) 
that for a G V ni and b G V n2 we have a n b = for all n > ri\ + n 2 . Using 
Exercise \2.b\ deduce that Y(a, z) Y(b, z) with order of locality k < ni+n2- 



4.2 Graded Dimension 

The most prominent Z-value is that obtained by tracing the zero mode of 
the vacuum. From Exercise 12.261 we have Y(l,z) = Idy and 1 G Vq. So the 
zero mode of 1 is Idy, whence 

Z v (l) = Tr v q L °- c/2 * = q~ cl2i ^ dim V n q n . (39) 

n 

This is variously called the graded dimension, q-dimension, 0-point function, 
or partition function of V. 

The graded dimensions of our two main examples M and Vir c are readily 
computed. This is because the Fock spaces are Verma modules, or closely 
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related to them, and these are easy to handle. Let us start with the Fock 
space M for the free boson, which has central charge c = 1 (Theorem 12.181 
and Exercise l2.32p . In the notation of ffTUl) . M (considered as a Z-graded lin- 
ear space) coincides with U(A~) equipped with the natural product grading 
for which a <8> t~ n has weight n. Because of the PBW Theorem, the univer- 
sal enveloping algebra is itself isomorphic as graded space to the symmetric 
algebra 5 , (Un>i ^ x -n) with x_ n having weight n. (In other words, M 'is' 
a polynomial algebra in variables x_ n . Compare with Remark 12.191 ) As 
graded algebras, symmetric algebras are multiplicative over direct sums. It 
follows that 

oo 

Zm (1) = q~ 1 l 2i J^(g-dimension of C[x_ n ]) 

71=1 

oo 

= q- 1/24 l[(l + q n + q 2n + ...) 

n=l 

oo 

= q-Wflil-f)- 1 , 



n=l 



which is none other than the inverse eta-function (133]) . fl34|) . Thus we have 

Z Mo (l)= V (q)-\ (40) 

For an integer n > 1, let M® n be the n-fold tensor product of Mq considered 
as a VOA as described in Exercise 12.321 This is the theory of n free bosons. 
Using Exercise 13.11 we deduce from (l4Tfl) that 

Z K n(l)= V (q)- n . (41) 

In particular, the graded dimension of the VOA M® 24 of 24 free bosons (the 
bosonic string) is the inverse discriminant A(r) _1 . 

The calculation of the graded dimension of Vir c is similar. Indeed, the 
Fock space M c (TT31) is isomorphic as Z-graded linear space to M . We must 
quotient out the graded submodule W(Vir)L_i.f Cj0 , and this is isomorphic 
to M C) o[l], that is M Cj0 with an overall shift of +1 in the grading, because 
L-i.v C fl has weight 1 as an element of M C) o- We find that 

-c/24 

Zv - (1) = TOT^)' (42) 
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which is not the g-expansion of a modular form. 

Next we consider the character value Zy(u>) for a VOA V . Because the 
zero mode of the conformal vector is L , which acts on V n as multiplication 
by n, we have 

Zy (tu) = q- C,2A 71 dim V n<f- 
n 

This is almost, but not quite, equal to 0Z V {1) {0 as in (l3"Uj) ). If instead we 
use the square bracket conformal vector uj G Vj 2 ] ( TT91) we find 

Z v {u) = g -/ 24 ^(n-^)dimKg n 

n 

= d{Zy{l)). 

In the case of M Q , for example, we obtain using Exercise 13.181 that 



Mr) 
2 v (r) 



This suggests that 'nicer' character values obtain by evaluating Zy on states 
which are homogeneous in the square bracket formalism, i.e., lie in Vjw for 
some k. 



4.3 The Character of the Heisenberg Algebra 

It is generally a difficult problem to compute the 1-point functions Zy{v ) of 
a VOA V for a complete basis of states. We describe the solution for the 
Heisenberg algebra M ( [MTlj ). It well illustrates the principle suggested at 
the end of the previous Subsection. 

Theorem 4.5 Let Mr i = © n >o(^o)[n] be the Fock space for M equipped 



with the square bracket grading (cf. Section\Kl\). Let O. be the graded algebra 



of quasimodular forms (SOty . There is a surjection of graded linear spaces 
such that Z Mo (v) = Q v {T)h{ T )- 
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Up to a normalizing factor ^(r) -1 then, every 1-point function is a quasi- 
modular form, and every quasimodular form of weight k arises in this way 
from a state v G (Mo)[k] (cf. Exercise 14.71) . There is an explicit description 
of the quasimodular form Q v {t) attached to a state v with wt[v] = k which 
goes as follows. A basis of states for (M )[fcj is given by 



where k — k± + . . . + k n and 1 < k\ < . . . < k n range over the parts of a 
partition A of k. The quasimodular form Q Vx (r) is given by 



where the notation is as follows. Let $ = {ki, . . . , k n } be the parts of the par- 
tition A. Then (p ranges over all fixed-point-free involutions in the symmetric 
group £($), so that if can be represented as a product of transpositions 
...(rs)... with (r, s) a pair of parts of A. For each such ip, the product ranges 
over the transpositions whose product (in £($)) is <p. We will indicate how 
(144"|) can be proved in the next Section. A detailed proof appears later in 
Subsection 111.11 

Assume formula (J33J) in the following exercises. 

Exercise 4.6 Show that Q Vx { T ) vanishes if X has either an odd number of 
parts or an odd number of odd parts. 

Exercise 4.7 Assume that A has both an even number of parts and an even 
number of odd parts. Prove that Q Vx (t) has a nonzero constant term, and in 
particular does not vanish. 

Exercise 4.8 With the same assumptions as the previous Exercise, prove 
that Q Vx (r) G 071 if, and only if, A has at most one part equal to 1 . 

Exercise 4.9 Prove the assertion that every quasimodular form arises as 
the trace of a state in Mq. 

5 Elliptic Functions and 2-Point Functions 

There is an extension of the idea of 1-point functions to n-point functions for 
any (nonnegative) n. We mainly restrict ourselves here to the case of 2-point 
correlation functions, which are related to elliptic functions. 



v x = a{-kx) . . . a[-k n )l 



(43) 




(44) 
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5.1 Elliptic Functions 

Throughout this Section, lattice means an additive subgroup A C C of rank 
2. As such it is the Z-span of an IR-basis (001,002) of C. An elliptic function 
is a function f(z) which is meromorphic in C and satisfies f(z + A) = f(z) 
for all A in some lattice A. Equivalently, f(z + oOi) = f(z) for basis vectors 
ooi,oo 2 of A. A is the period lattice of f(z). Note that C/A has the structure 
of a complex torus (aka complex elliptic curve) and that f(z) induces a map 

/ : C/A — > CP 1 = C U {00}. 

The set of all meromorphic functions with period lattice A is a field M\ (the 
function field of the torus). We have C C M\ where C is identified with the 
constants, moreover f'(z) £ M\ whenever f(z) £ M\. 

Two lattices Ai,A2 are homothetic if there is a £ C with aA\ = A2. It 
is usually enough to deal with some fixed lattice in a homothety class (the 
corresponding complex tori are isomorphic), and every A is homothetic to a 
lattice with basis (27rz, 27nr) and r £ Sj. We let A T denote this lattice. 

The classical Weierstrass p-function is^| 

V^^+tJjj^-^-}. (45) 

Here, oo m ^ n = 2m{mr + n). The double sum is independent of the order 
of summation and absolutely convergent. It defines a function with the fol- 
lowing properties: (a) double pole at each point of A r , (b) holomorphic in 
(C x $)) \ A r , (c) even in z, (d) period lattice A T . In particular, for fixed 
r £ fj the p-function p(z, r) lies in the field M\ T . It turns out that 

M At =C(p(z,t), P '(z,t)) 

is a function field in one variable. Indeed the set of even elliptic functions is a 
simple transcendental extension C(p) and M\ T D C(p) a quadratic extension. 

There is a natural left action of T on C x ^ extending (1201 . It is given by 

/ \ ( z ar + b\ ( a b \ .... 

6 Here and below, a prime appended to a summation indicates that terms rendering the 
sum meaningless, in this case (m, n) — (0, 0), are to be omitted. 
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corresponding to a base change 27ri(r, 1) i— > 2-niiaT + b, cr + d) of A T followed 
by the homothety (conformal rescaling) z \— > z/(cr + d). Then it follows that 

p( 7 (z,r)) = (cr + c/)V(^,r). (47) 



This says that jp(z, r) is Jacobi form of weight 2 ( [EZ] ) . though we will neither 
explain nor pursue this idea here. 

What we need is that p(z,r) is invariant under r i— > r + 1 as well as 
z i— > £ + 27ri (from the elliptic property). It follows that p(z, r) has a Fourier 
expansion in both q and q z . (Compare with the development in Subsection 
13. 11 ) To describe this we define 



P*(z,t) 



The extra term —1/2 in (T4*8l) ensures that Pi(z, r) is odd in z. For nonzero 
z in the fundamental parallelogram defined by the basis (2iri, 2nir) of A T 
we have — < %t{z) < 0, so that \q\ < \q z \ < 1. Px(z,r) and its z- 

derivatives are absolutely convergent in this domain. We can now give the 
Fourier expansion of the p-function, which reveals a fundamental relationship 
with the Eisenstein series of Subsection 13.21 

Theorem 5.1 We have 

p(z,r) = P 2 (z,r) - E 2 (r) 

= ^ + ^2(2k-l)E 2k (r)z 2k - 2 . 

k>2 

We sketch the proof, which uses a key identity (cf. Exercise 15.21 below): 

§ (x - 2mny = (I^F (50) 



for i^O. In the exceptional case 

1 

(2vrm) 2 (2ni) 2 12 



^ 1 2C(2) 1_ 
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Now 



y— 



E 



(52) 



where the convergent nested double sums depend on the order of summation. 
For the lhs, use ( 1501) with x = 2irimT ^ 0, ( l5~li) and |g| < 1 to obtain 



E 



T- 



q 



-,m\2 



12 + (1 

O^meZ v " ' 

"^ + 2 E nq mn ^E 2 (r) 



m,n>0 



(cf. (JMD). For the rhs of (|5"2"|) . use floUl) with a; = z — lnimT and argue 
similarly using |g 2 (3 ,m |, |gj y m | < 1 for m > to get 



E (T 

meZ v 



q z q 



- q z q m ) 2 



1 - a,) 2 A 1- 



m>0 



9*9 



9*9 



mA2 



+ 



9*9" 



1 - g 2 g- m )^ 



,1 - Qz 



1-9, 



m>0 n>0 



E»(tf+«.-")rr7 



ra>0 



n>0 



V 1 _ q n 1 



9 

P2(Z,T). 



(53) 



This proves the first equality in the Theorem. From (145]) we see that 



k>3 



with 



EJt) 



y — = —v — 



mr + n) k 



(54) 



We can use (1501) to identify JE^ with the corresponding Eisenstein series E^{t) 
( 1241) . in particular Ek{r) is identically zero for A; odd. This completes our 
discussion of Theorem 15.11 
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We note that Pi is not an elliptic function (cf. Exercise I5.6p . Higher 
^-derivatives P± (z,t) for m > 1 are elliptic functions, and are derivatives 
of p(z, t) for m > 2. We have 



P[ m \z,T) 



n q z 



En 



?m+l 



+ E 

fc>m+l 



k — 1 

rn 



E k (r)z 



k—m—l 



(55) 



Exercise 5.2 Prove directly from the definition that an elliptic function 
which is holomorphic is necessarily constant. 

Exercise 5.3 Verify [5D\l by comparing poles. 

Exercise 5.4 Prove that for even k > 4, E k {r) coincides with E k {r). (Use 

Hi).; 



Exercise 5.5 Deduce from ftjlj ) that E k (r) G 9Jl k for even k > 4. 
Exercise 5.6 Prove that P\(z + 2rciT, r) = P 1 (z, r) — 1. 

5.2 2-Point Correlation Functions 

Let (V,Y, 1,uj) be a VOA of central charge c. For an integer n > 0, the n- 
point correlation function for states u 1 , . . . , u n G V is the formal expression 

Fy^u 1 ,^), . . . , (u n ,z n ),q) = 
Tr v Y(q^u\ qi )... Y(q^u n , q n )q Lo ~ c/2 \ (56) 

where q^ = q Zi for variables zi, . . . , z n . For n = this reduces to the graded 
dimension Tryg L °~ c / 24 as discussed in Subsection 14.21 If n = 1 and w 1 G 14, 
is 

Tr y y(gN\<?i)<? L °- c/24 = ^Tr^r™" 1 ? 10 "/ 24 

m 

= Tr v o(u 1 )q L °- e ' 2A = Z(u 1 ,q), 
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where we used ( 13T)j) to get the second equality. So for n = 1, (151)1) is the 1- 
point function of Section HI as expected. There are similar modal expressions 
for all n-point functions, but for n > 2 they are unhelpful. Here we focus on 
the 2-point function 

F v ({u, z x ), (v, z 2 ), r) = Tr v Y(qf°u, qi )Y{q%°v, q 2 )q L °- c/24 . (57) 

We want to re-express the 2-point function as a 1-point function, and for 
this we need be able to manipulate vertex operators. More precisely, we need 
to manipulate expressions involving vertex operators which are traced over 
V. In such a context the locality of operators (T4]) simplifies in the sense that 

TT V Y(u,z 1 )Y(v,z 2 )q Lo = Tr v Y(v, z 2 )Y(u, Zl )q L \ 

where the additional factor {z%— z 2 ) k (loc. cit.) has conveniently disappeared. 
Similar comments apply to the associativity formula ([7]), where we have 

Tr v Y(u, zi + z 2 )Y(v, z 2 )q Lo = Tr v Y(Y(u, Zl )v, z 2 )q L °. 

These and similar assertions fall under the heading of duality in CFT, which 
is discussed in [FHLj . We shall use them below without further comment. 
Thus with some changes of variables together with Exercise I4.2[ we have 

(v,z 2 ),r) 

= Tr v Y{Y{qL°u, Ql - q 2 )q^°v, g 2 )g Lo " c/24 

= Tr v Y (qZ°Y(q%u, q Zl2 - l)v, q 2 )q L °- c/2A 

= Z v (Y[u,z 12 ]v,r), (58) 

where z\ 2 = Z\ — z 2 . This is the desired 1-point function. Similarly, 

F v ((u, Zx), (v, z 2 + 2nir), r) 
= q~ c / 2A Tx v Y{q[°u, qi )Y(q L °q^v, qq 2 )q L ° 
= q~ c/24 Tr v Y(q^u, qi )q L °Y(q^v, q 2 ) 
= q- c ^Tr v Y(q^v, q 2 )Y(qf°u, qi )q L ° 

Thus Fy is periodic in z 2 with period 2ttit, and the same holds for z\. It is 
obvious that Fy is also periodic in each Zi with period 2iri. It follows that, 
at least formally, the 2-point function Fy (alias the 1-point function fl58|) ) is 
elliptic in the variable zi 2 with period lattice A T . 
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5.3 Zhu Recursion Formula I 

We continue to pursue the ellipticity of the 2-point function Fy. It is the 
analytic of Fy which needs to be established. To this end we develop a 
recursion formula of Zhu ([Z]) which finds a number of applications. 

Theorem 5.7 We have 

FviiUiZx), (v,z 2 ),r) 

= Ti v o(u)o(v)q Lo -^ 2A - y \J±-p[ m \ Zvi , T )Z v {u[m]v,r). (59) 

' ml 

The sum in (1591) is finite since ■u[m]i> = for m sufficiently large, and 
from Subsection 15.11 Pj (z\ 2 , r) is elliptic for m > 1. Thus the ellipticity of 
Fy is reduced to the convergence of Tiyo(u)o(v ) and the 1-point functions 
Zv(u[m}v,r). This Theorem makes clear the deep connection between el- 
liptic functions (and therefore also modular forms) and VOAs. There is an 
analogous recursion for all n-point functions. 

To prove Theorem 15.71 we may assume that u G Vk, whence 

iV((«,2i), (v,Z 2 ),t) = 

y q^- 1+k Tr v {u n Y(q^v, q 2 )q L ^ 2i ) . (60) 

Using ( 1361) , Exercise 14.21 and ( |T8l) we have 

[u n ,Y(q^v,q 2 )] = (fjY^v, q^ 



i>0 

r" 



J] — r^(92° M [ m K<?2), 



7* 

14 — ' m! 

m>0 



where r = n + 1 — k. Hence 



Try (u n Y(q^v,q 2 )q L °- c / 24 ) 
Tr v ([u n ,Y(q^v,q 2 )]q L °- c / 24 )+TT V {Y{q^v,q 2 )u n q L ^l 2A ) 

?2 —Zv(u[m]v, t) + q r Tr v {Y(q^v, q 2 )q Lo ~ c/24 u n ) . 



m>0 
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From this we obtain 

m 

q\ —Z v (u[m]v,r) = (1 - q r )Tr v (u n Y(q^v, g 2 )g io ~ c/24 ) 



mi 

m>0 



so that for r^Owe have 

Tr v (u n Y(q^v,q 2 )q L ^) = V ^-Z y ( W [mjr. r,. 

v 7 1 — o r ' m! 

^ m>l 

Finally, the term corresponding to r = in (I60p is Tryo(u)o(v)q L °~ c ^ 24 . 
Substituting into (1601 . we find 

F v ((u, Zi ),(v,z 2 ),t) = Try {o{u)o{v)q L ^ 24 ) 

1 1 r m -n 

+ V -!-Z v (u[mK r) V — 
^ m V 1 J l-o"' 

m>l nSZ y 

and the Theorem follows upon comparison with (j55p . 

Exercise 5.8 Let a 6e the generating state for the Heisenberg VOA Mq (cf. 



Subsection \2.4\ )- Prove that Fm ((cl,Zi), (a, z 2 ),t) = P2(zi2,t)/t](t). 



Exercise 5.9 For states u,v in a VOA V , show that Z v (u[0]v,q) = 0. 
5.4 Zhu Recursion Formula II 

Theorem 15 . 71 allows us to obtain a related recursion formula for 1-point func- 
tions. 

Theorem 5.10 For n > 1, 

Z v (u[-n}v,r) = 5 rhl Tr v (o(u)o(v)q Lo - c / 24 ) 

^T(-l) m+1 ( n + m ~ E n+m (r)Z v (u[m}v, r). 



(61) 
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To see this, note from (155]) that 



Fv((u,zi), (v,z 2 ),t) = ^2z v (u[-n]v,r)z 12 n 1 



Now compare this with the z 12 -expansion of the rhs of (I59p using (1551) . Taking 
n>lwe obtain (16T]) . (For n < we get no information.) 

One can apply Theorem 15.101 in a number of contexts. If we work with 
states u, v, . . . in V that are homogeneous with respect to the square bracket 
Virasoro operator L[0], then the 1-point functions occurring on the rhs of 
( |61~]) are those of states tt[m]i> whose (square bracket) weight is strictly less 
than that of u[— n]v for n > 1. Thus one might hope to proceed inductively 
(with respect to square bracket weights) to show that 1-point functions are 
holomorphic in fj. To illustrate, we introduce the important class of VOAs 
V of CFT-type defined by the property that the zero weight space Vo is 
nondegenerate, i.e., spanned by the vacuum vector. This implies (Exercise 
[2729]) that 

V = CI © V x © . . . (62) 
Using Theorem 15.101 and the remarks following Theorem 15.71 we obtain 

Lemma 5.11 Suppose that V is a VOA of CFT-type, and let S be a gen- 
erating set for V as in Theorem \2. 7] Assume that Tryo(u)o(v)q L °~ c l 24: is 



holomorphic in S) for all u G S and v £ V , and that the graded dimension 
Zy(l) is holomorphic infi. Then every 1-point function for V is holomorphic 
in S), and every 2-point function for V is elliptic. 



By way of example, consider the Heisenberg algebra M , which is certainly 
of CFT-type. It is generated by a single state a in weight 1, and o(a) = (cf. 
Exercise I4.3p . Furthermore Zm (t) is the inverse //-function ( 1401) and hence 
holomorphic in Sj. So the conditions of the Lemma apply to Mo, so that all 
1- and 2-point functions for M have the desired analytic properties. Indeed, 
the vanishing of the zero mode for a means that in the recursion (16T]) . the 
anomalous first term on the rhs is not present (taking u = a, as we may). We 
get a recursion for 1-point functions which may be solved with some effort, 
and this is how one proves Theorem 14.51 and (144]) . The details are described 
in Subsection 111.11 
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Exercise 5.12 Give the details for the Proof of Lemma \5.11\ 

Exercise 5.13 Show that the analysis of 1-point and 2-point functions as- 
sociated to the Heisenberg algebra goes through with the same conclusions for 
the Virasoro algebra Vir c . 
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Part II 

Modular-Invariance and 
Rational Vertex Operator 
Algebras 

The representation theory of a VOA V, i.e., the study of V-modules and 
their characters (correlation functions) is fundamental. In this Section we 
introduce some of the ideas in this subject. 

6 Modules over a Vertex Operator Algebra 
6.1 Basic Definitions 

Let V = (V,Y, be a VOA of central charge c. As one might expect, a 
V-module is (roughly speaking) linear space M admitting fields associated 
to states of V which satisfy axioms analogous to those satisfied by the fields 
Y(v, z). It is useful to introduce various types of modules, the most basic of 
which is the following. 

Definition 6.1 A weak V -module is a pair (M, Yjy) where 

Ym '■ V — > $(M), v i— ► Ym(v, z) = '^^v^f z~ n ~ l is a linear map, 

n 

and the following hold for all u,v G V , w G M: 

vacuum : Ym(1, z) = Idjvf 
locality : Y M ( u, z) ~ Ym(v, z) 
associativity : for large enough k, 

(z l + z 2 ) k Y M (u, zi + z 2 )Y M (v, z 2 )w = (z x + z 2 ) k Y M (Y(u, z{)v, z 2 )w. 

There is no notion of creativity or translation covariance per se for V- 
modules. It is not sufficient to assume only locality of operators here; the 
associativity axiom (the analog of ((7|)) is crucial. Locality and associativity 
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are jointly equivalent to the analog of (jB]), namely 

j>0 ^ ' i>0 ^ ' 

As before, this is the modal version of the Jacobi Identity. For further details, 
see |FHL] and [LLJ. A weak V^-module is essentially a module for a vertex 
algebra. 

Definition 6.2 An admissible V -module is a weak V -module (M, Ym) equipped 
with an N- grading M = © n > M„ such that 

v e V k => : M m -> M m+fe _ n _!. (63) 

Admissible modules are also called N-gradable modules. Note that (IB"3"j) is 
the analog of (I3"6"j) . There is no requirement that the homogeneous spaces M n 
have finite dimension. An overall shift in the grading does not affect fl63|) . so 
we may, and usually shall, assume that Mq ^ if M ^ 0. We then refer to 
Mq as the top level. 

Definition 6.3 A V -module is a weak V -module (M, Y M ) equipped with a 
grading M = ©asc^a such that 

dimM A < oo 

V A, M\ +n = for n < 

L^m = Am, m G M\ 

We frequently call a V^-module as in Definition [63] an ordinary ^-module 
if we want to emphasize that it is not merely a weak or admissible module. 
There are containments 

{weak ^/-modules} D {admissible ^/-modules} D {ordinary V^-modules}, 

which amounts to saying that ordinary ^-modules can be equipped with an 
N-grading making them admissible (cf. Exercise 16.61) . A (weak, admissible, 
or ordinary) V^-module M is irreducible if no proper, nonzero subspace of V 
is invariant under all modes v^f. More generally, we can define submodules 
of M in the usual way, though we will not go much into this here. 
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A VOA V is ipso facto an ordinary V^-module in which Y = Ym- It is 
called the adjoint module. If the adjoint module is irreducible then we say 
that V is simple. This is consistent with standard algebraic usage: it can 
be shown using skew-symmetry that if U C V is a submodule of the adjoint 
module V then U is a (2-sided) ideal in a natural sense, and that V/U has a 
well-defined structure of VOA. See Exercise 16.111 for further details. 

We want to define the partition function and character of a ^-module 
M along the lines of that for V itself, as discussed in Section |H This makes 
no sense unless M is equipped with a suitable grading. An important case 
when this can be carried through is when M is an irreducible, ordinary V- 
module. In this case, if A G C satisfies M\ +n ^ for some integer n then 
fflnez^A+n is invariant under all modes v^ 1 and hence coincides with M 
thanks to irreducibility. Relabeling, the grading on a (nonzero) irreducible, 
ordinary V^-module M takes the shape 

M = ® n >oM h+n . (64) 

Mh is the top level and h a uniquely determined scalar called the conformal 
•weight of M. It is an important numerical invariant of the module. 

The zero mode o M (v) for v G V is the mode of Ym(v, z) which has weight 
zero as an operator on M; it is defined because of f )63|) . We can now define 
the character Zm of an irreducible ^-module M of conformal weight h in 
the expected manner, namely 

Z M (v) = Tr M o M (v)q L ^ 24 = q h ~ c / 24 ^ Ti Mh+n o M (v)q n . (65) 

n>0 

The partition function of M is 

Z M (1) = Tr M q L «'- c ^ = q h - c ^J2 dimM ^q n 

n>0 

where, naturally, L^f is the corresponding zero mode for the Virasoro element. 

The set of all irreducible modules over the Heisenberg VOA Mo is readily 
described. As usual, let a be the weight one state that generates M . In 
Subsection 12.41 we defined, for each h G C, the Verma module and con- 
structed a field a(z) G $(M h ). It is more precise to denote this by a h (z). 
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Much as in the case h = 0, one finds that each Mh is an irreducible Mo- 
module of conformal weight h with Y]\j h (a, z) = a h (z). In particular, M is a 
simple VOA. The Stone-von Neumann Theorem is essentially the converse: 
for each h, Mh is the unique (up to isomorphism^) irreducible module over 
Mo of conformal weight h. See |FLM] for a proof. The construction of the 
Verma module Mh shows that 

Z Mh (l)=q h / V (q). (66) 

The characters Z Mh can be understood along the same lines as the special 
case of M that we described in Sections 0] and [5j As illustrated by (|66|) . 
results identical to Theorem 14.51 and (jUJ) hold for Mh, except that an extra 
factor q h must be included. Our development of the theory of 1- and 2-point 
functions may be carried out, with essentially no change, for general V- 
modules rather than just adjoint modules. It should be pointed out, however, 
that the extra factor spoils the quasimodularity of the character values. 

While ordinary ^-modules are perhaps natural, the reader may be won- 
dering how and why admissible V- modules are relevant. Here we will limit 
ourselves here to a some general comments, and continue the discussion be- 
low. See Exercises I6.8H6.101 for some details, and [DLM3j . [Z] for complete 
proofs. One considers certain subspaces O C 0\ C . . . C V, the quotient 
spaces A n (V) = V/O n (V), and the inverse limit 

A(V)=\imA n (V). 

Each A n (V) has natural structure of associative algebra such that the canon- 
ical projection A n+ i — > A n (V) is an algebra morphism. So A(V) is also an 
associative algebra. A (V) is called the Zhu algebra of V . 

The representation theory of these algebras is intimately related to that 
of V itself. There are functors 

n n : Adm V-Mod -> A n (V)-Mod 

from the category of admissible ^-modules to the category of A„(K)-modules, 
and because of the details of the construction the quotient functor fl n /Q n ^.i 

7 We have not defined morphisms of ^-modules, but readers should be able to formulate 
it for themselves without diffuclty. 
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makes sense (fi_i is trivial). For an admissible V^-module M, Q n (M)/Q n _i(M) 
is an A n (y)-modu\e that is not the lift of an A n _ 1 (V A )-module. A n {V) is de- 
signed in such a way that it acts naturally on the sum of the first n graded 
pieces of an admissible ^-module, and this is how the functor Q n is defined. 
It turns out that there is another functor 

L n : A n {V)-Mo& -> Adm V-Mod (67) 

which is a right inverse of the functor f2 n /f2 n _i, and which is harder to de- 
scribe. This is a key point. It is the existence of L n which motivates the 
introduction of admissible ^-modules. L n and fl n /Q n _i induce bijections 
between (isomorphism classes of) irreducible, admissible V^-modules and ir- 
reducible A n (V)-modu\es which are not lifts of A n „i(V)-modules. For n — 0, 
this is just the set of irreducible A (V r )-modules. To a large extent these func- 
tors reduce the study of admissible V'-modules to that of modules over the 
associative algebras A n (V), which are more familiar objects, and they have 
led to a number of theoretical advances. On the other hand, the computa- 
tion of the Zhu algebra A (V), not to mention the higher A n (Vys, is usually 
difficult. The complete structure has been elucidated in only a relatively few 
cases, and computer calculations have often been important. 

Needless to say, there is much more that can be said about modules over 
a VOA. There is a notion of dual module ([B], [FHL] and Subsection I10.3j) . 
There is also a theory of tensor products of modules that is important. This 
is an extensive subject in its own right, and we can do no more than refer 
the reader to the literature (e.g., [HLj, |HLZj ) for further details. 

Exercise 6.4 Let (M,Ym) be a weak V -module. Prove that Ym{L-±v, z) = 
dY M (v,z). 

Exercise 6.5 Show that [L^, L* 1 ] = (m-n)L^_ n + (m 3 -m) /125 m _ n cId A/ . 
(Thus, a weak module for V is ipso facto a module over the Virasoro algebra 
with the same central charge as V .) 

Exercise 6.6 Show that an ordinary V -module M is an admissible V -module 
as follows. Let A C C consist of those A for which M\ + k = whenever k is 
a negative integer, and let M n = ©AeA^A+n- Show that M = ©„> M n is an 
N-grading on M satisfying [U3\) . 
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Exercise 6.7 Give a complete proof that the Verma modules are irre- 
ducible modules over the Heisenberg algebra M Q . 



Exercise 6.8 Let M be an admissible V -module. Prove that for each v G V , 
the zero mode o M (L[— l]v) annihilates M. (Use Exercises \6.4\ and \2.3b\ ) 



fc+n 



y 2n + 2 



Exercise 6.9 For n > 0,ti 6 Vk,v G V define uo n v = Kes z Y(u, z)v 
Let O n (V) be the span of all states uo n v and L[—l]u. 

(a) Prove that ifn = 0, the span of the states uo v already contains L[—l]u. 

(b) Prove that O (V) C O x {V) C . . .. 

Exercise 6.10 With the notation of the previous Exercise, introduce the 

product u * n v = Y.m=o ( m ;T) Res ^( M ' z ) v <L lt+ m +i ■ 

(a) Show that O n (V) is a 2-sided ideal with respect to the product * n . 

(b) Show that * n induces a structure of associative algebra on the quotient 
space A n {V) = V/O n {V). 

Exercise 6.11 V is a VOA and U C V a submodule of the adjoint module, 
so that v n u G U for all u G U,v G V,n G Z. Prove that u n v G V , and deduce 
that if U 7^ V then V/U inherits the structure of VOA. 

6.2 C2-Cofinite, Rational and Regular Vertex Opera- 
tor Algebras 

We are going to focus on some important classes of VOAs V which have 
the property that they have only finitely many (inequivalent) irreducible 
modules. The reader might well be surprised that there are any such VOAs 
at all beyond those of finite dimension (cf. Exercises 12. 121 and 12. 13[) . We will 
also make the simplifying assumption that V is of CFT-type (162]) throughout 
the rest of these Notes, although for many of the results to be discussed this 
assumption is not necessary. 

Definition 6.12 (a) V is rational if every admissible V -module is com- 
pletely reducible, i.e. a direct sum of irreducible, admissible V -modules. 

(b) V is regular if every weak V -module is a direct sum of irreducible, ordi- 
nary V -modules. 

(c) V is C2-cofinite if the graded subspace C^fV) = (11-2V | u, v G V) has 
finite codimension in V. 
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Based on what we said in the previous Subsection, it is easy to see that 
a regular VOA V is a rational VOA. Indeed, an admissible V^-module is 
a weak module, hence a direct sum of irreducible, ordinary modules and 
ipso facto a direct sum of irreducible admissible modules. It is also known 
|ABD] . [Li] that regularity is equivalent to the conjunction of rationality and 
C^-cofiniteness. 

While (a) and (b) of Definition 16.121 both assert that certain module 
categories are semisimple, (c) is rather different, (a) and (b) are external 
conditions that can be difficult to verify, whereas (c) is an internal condition 
that is easier to deal with. On the other hand, regular VOAs have better 
modular-invariance properties than those which are C^-cofinite. 

Theorem 6.13 Suppose that V is a C2-cofinite VOA. Then the following 
hold. 

(a) Each A n (V) is finite-dimensional. 

(b) Every weak V -module is an admissible module. 

(c) V has only finitely many isomorphism classes of irreducible, admissible 
modules. 

Note that for a finitely generated VOA V, (b) is equivalent to CVcofiniteness. 

For further discussion of (a), see [Z], |Myl| , |GNj . [Buj ; (b) is proved in 
|Myl| . The approach in |GNj produces a sort of weak analog of the PBW 
Theorem in Lie theory (cf. Appendix) which applies to weak modules. This 
idea is very useful, and is used in |ABD] . |Myl| , |Buj and elsewhere in the 
literature, (c) follows from (a) and the properties of the functors L n and fl n 
discussed in Subsection 16.11 

The following omnibus result ( |DLMlj , |DLM3j ) collects some of the main 
facts about rational VOAs. 

Theorem 6.14 Suppose that V is a rational VOA. Then the following hold. 

(a) Aq{V) is semisimple. 

(b) Each A n (V) is finite-dimensional. 

(c) V has only finitely many isomorphism classes of irreducible, admissible 
V -modules, 

(d) every irreducible, admissible V -module is an ordinary V -module. 
Note that (b) is equivalent to rationality (loc cit). 
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Whether a rational VOA is necessarily CVcofinite is presently one of the 
main open questions in the representation theory of VOAs. If this is so, 
then there would be no difference between rational and regular VOAs. In 
the early history of VOA theory it was possible to believe that rationality 
and CVcofiniteness were equivalent. That, however, has turned out to be a 
chimera. There are VOAs which are CVcofinite but have admissible (in fact 
ordinary) modules which are not completely reducible. These are logarithmic 
field theories, a name that we will justify in Section [91 

Exercise 6.15 Give two proofs that the Heisenberg VOA Mq is not a ratio- 
nal VOA: (a) by using Theorem \6.14\ an d (b) by explicitly constructing an 
admissible Mo-module that is not completely reducible. 

Exercise 6.16 For any VOA V , show that the quotient space P(V) = V/Cziy) 
carries the structure of a Poisson algebra in the following sense: the prod- 
ucts {u,v} = uqv,uv = U-iV afflict P(V) with (well-defined) structures 
of Lie algebra and commutative, associative algebra respectively, moreover 
{uv, w} = u{v, w} + {u, v}w. 

Exercise 6.17 Calculate the Poisson algebra P(Mq) associated to the Heisen- 
berg VOA. 

7 Examples of Regular Vertex Operator Al- 
gebras 

It is time to describe some further examples of VOAs beyond the Heisenberg 
and Virasoro theories. In particular, we want to have available a selection of 
regular VOAs. Our examples are fairly standard, but require some effort to 
construct. For this reason, we will mainly limit ourselves to a description of 
the underlying Fock spaces and generating fields. 

7.1 Vertex Algebras Associated to Lie Algebras 

The reader might want to look over Appendix 1 before reading this Subsec- 
tion. We can construct a VOA from a pair (g, ( , )) consisting of a Lie algebra 
equipped with a symmetric, invariant, bilinear form ( , ) : g®0 — > C. The 
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details amount to an elaboration of the case of the Heisenberg algebra dis- 
cussed in Subsection \2A\ which is the 1-dimensional case. The affine Lie 
algebra or Kac-Moody algebra associated to (0, ( , )) is the linear space 

= 0© c[t, r 1 ] © CK = © n © t n © CK 

with brackets 

[a © t m , b © t n ] = [a, b] © t m+n + m(a, b)5 m _ n K, (a, b G 0) 

[q,K] = 0. 

has a triangular decomposition with = ©±„>o0©£ n and 0° = gQ)CK. 
Here and below, we identify with © t°. Fix a 0-module X and a scalar /. 
We extend X to a + © 0°-module by letting + annihilate X and letting if 
act as multiplication by I called the level. We have the induced 0-module 

V s (l, X) = lnd(X) (68) 

(notation as in (I207P ). Following the Heisenberg case discussed in Subsection 
12.41 we can define fields on V g (l, X) for each a G by setting 

Yv B (i,x)(a, z) = ^2a n z~ n ~ l 

n 

where a n is the induced action of a © t n . As in ffTTl) we obtain 

3=0 

= E(- 1 )' (•) ^ b ^-r-s + (2 - J - r)(a, QUk-i^ld) 
3=0 

= {(2 - r) - 2(1 - r) - r} (a, b)l6 r+s>2 Id = 0, 

so that the fields {Y Vs (i t x)(a, z) \ a G 0} are mutually local of order two. 
Taking X = CI to be the trivial 1-dimensional 0-module, one shows via 
Theorem 12.71 that the corresponding fields generate a vertex algebra with 
Fock space V s (l,Cl). Moreover, each V s (l,X) is an admissible module. 

To describe a conformal vector in V s (l, CI) and thereby obtain the struc- 
ture of VOA, it is convenient at this point to specialize to the case that 
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is a finite-dimensional, simple Lie algebra of dimension d, say. We will also 
take ( , ) to be the Killing form, appropriately normalizedjf) Note that this 
takes us out of the regime of the Heisenberg theory, to which we return in 
Subsection 17.31 An approach that covers both cases is described in [LL] . 
With our assumptions, one shows that 

1=1 

is the desired conformal vector with central charge c = jr^y- Here, {ui} 
is a basis of g, {u 1 } the basis dual to {uj} with respect to the form ( , ), 
and h v the dual Coxeter number of g. This is usually called the Sugawara 
construction. Needless to say, we must also assume that I + h y ^ 0. 

The L -grading on V s (l, CI) that obtains from the Sugawara construction 
is the natural one in which the state a n l has weight — n for a G g and n < 0. 
In particular the zero weight space is V g (l, Cl) = CI, and the VOA is of 
CFT-type. Because an ideal in the adjoint module is a graded submodule 
(cf. the discussion in Subsection 16 . 1 1) . any proper ideal necessarily lies in 
©n>2Vg(/, Cl) n . It follows that there is a unique maximal proper ideal, call 
it J, and the quotient space 

L 9 (l,0) = V B {l,Cl)/J 

is a simple VOA. 

More generally, take A to be a finite-dimensional irreducible g-module. 
As such it is a highest-weight module L(X) indexed by an element A in the 
weight lattice of g. The top level of V s (l,L(X)) is naturally identified with 
L(X), and because this is an irreducible g-module then there is a unique 
maximal proper submodule J C V g (l,L(X)) (considered as g-module). The 
quotient spaces 

L g (l,X) = V g (l,L(X))/J 

are ordinary, irreducible V g (l, Cl)-modules, and they are inequivalent for 
distinct choices of highest weight A. Thus the VOA V g (l,Cl) has infinitely 
many inequivalent ordinary, irreducible modules, and in particular it cannot 
be rational (Theorem I6.14p . Concerning the question of regularity of these 
VOAs, we collect the main facts ([FZ]. [PL]. [DMl] . |DLM2j . |DLM4j ): 

8 The normalization is an important detail, of course, but we will not need it. 
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Theorem 7.1 Let g be a finite- dimensional simple Lie algebra. The simple 
VOA L g (/,0) is rational if, and only if, I is a positive integer. In this case it 
is regular, and the ordinary, irreducible modules are the spaces L g (l, A) where 
A satisfies X(6) < I and 9 is the longest positive root. 

These theories are called WZW models in the physics literature. 



7.2 Discrete Series Virasoro Algebras 

Here we discuss some quotients of Virasoro VOAs Vir c (cf. Theorems 12.201 
and 12.251) that turn out to be regular. As in the last Subsection, it is the un- 
derlying Lie structure that makes the calculations manageable. The details 
are quite different, however, and depend on the Kac determinant (e.g. [KR] ) 
and the structure of the Verma modules f|T3|) M Cj h over the Virasoro algebra 
(these are Vir c - modules) (|FFJ). There is no space to describe these results 
systematically here, although we discuss some examples of Kac determinants 
in Subsection 110.41 So we give less detail compared to the WZW models. 
The theories we are going to describe in this Subsection find important ap- 
plications in the physics of phase transitions and critical phenomena. See 
[FMS] for further background. 

The Virasoro VOA Vir c may, or may not, be a simple VOA, but there is 
a unique maximal proper submodule J and L c = Vir c / J is a simple vertex 
operator algebra of central charge c. It turns out that Vir c is never rational 
(cf. Exercise I7.4p . As for the rationality of L c , we have the following omnibus 
result: 

Theorem 7.2 The following are equivalent: 

(a) L c is a rational VOA. 

(b) J^O. 

(c) c lies in the so-called discrete series, i.e., there are coprime integers 
p, q > 2 such that 

c = Cpa = 1 _5(^. (70) 

pq 

In this case L c is regular, the conformal weights of the ordinary irreducible 
modules are 



h r , 



(pr - qsf - (p - q) 2 

, 1 < r < q — 1,1 < s < p — 1 

Apq 
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(taking only one value of h for each pair h r ^ s , h q ^ r ^_ s ), and two ordinary irre- 
ducible modules are isomorphic if, and only if, they have the same conformal 
weight^ Thus there are just (p — l)(q — l)/2 inequivalent ordinary irreducible 
modules over L c . 

See [WaJ for the proof of rationality (also [DMZJ), where the idea is to com- 
pute the Zhu algebra Aq(L c ). Regularity is shown in |DLM2j . The origin of 
the values c Pi9 is discussed in Subsection 110.41 

Apart from the trivial case when p = 2, q = 3, the two 'smallest' cases, i.e., 
those with the fewest number of ordinary irreducible modules, correspond to 
{Pi q) — (2,5) and (3,4). In the first case (the Yang-Lee model in physics) 
we have c = —22/5 and conformal weights 0, —1/5. In the second case (the 
Ising model) c = 1/2 with conformal weights 0, 1/2, 1/16. 

Exercise 7.3 Prove that Vir c has a unique maximal proper submodule J. 
Exercise 7.4 Suppose that J ^ 0. Prove that Vir c is not a rational VOA. 
Exercise 7.5 Opine on the statement that the case p = 2, q = 3 is 'trivial'. 



7.3 Lattice Theories 

Lattice theories ([B], [FLM] ) are VOAs whose connections with Lie algebras 
are of lesser importance compared to the examples in the last two Subsec- 
tions. Their basic properties are of a more combinatorial nature, and reflect 
features that one may expect in general rational theories. Because of this 
and the fact that they are amenable to computation, lattice theories occupy 
a central position in current VOA theory. 

Let d be a positive integer and f) = C d a rank d linear space equipped 
with a nondegenerate symmetric bilinear form ( , ). Consideration of t) as 
an abelian Lie algebra leads to the affine algebra \) as in Subsection 17.11 Let 

M d = H(l,Cl) (71) 

9 Generally, a VOA may have inequivalent irreducible modules with the same conformal 
weight. 
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be the corresponding vertex algebra of level 1. The conformal vector 00 is 
defined as in (1691) with I = h w = 1. The resulting VOA has central charge 
c = d. This is nothing more than a slightly different approach to the rank d 
Heisenberg VOA, as discussed in Subsection 12.41 (cf. Exercise 17. 7p . 

The irreducible f)-modules are 1-dimensional and indexed by a weight in 
the dual space of f). Identifying fj with its dual via ( , ), we obtain Mq- 
modules (1681) with underlying linear space 

V t] (l,a) = S(l)~)®e a (a€|). 

Here, 1 <S> e a (or just e a ) is notation for the spanning vector of the (1- 
dimensional) top level of V^(l, a) and 

/3 ® e a = (3 -e a = (f3,a)l®e a , (3 G f) = 1) ® t°. (72) 

In order to describe the Fock spaces of lattice theories we need a bit 
more structure. Namely, we assume that (1), ( , )) is the scalar extension 
of a Euclidean space. Thus, E = M, d = f)R is a real space equipped with 
a positive-definite quadratic form Q : E — > K, P) = C ®r -E, and ( , ) is 
the C-linear extension of the bilinear form on E defined by Q, also denoted 
by ( , ). In particular, Q(a) = (a,a)/2 for a G E. A lattice L C i£ is the 
additive subgroup spanned by a fraszs of £7. L is an even lattice if (a, a) G 2Z 
for all a G L, i.e., the restriction of Q to L is integral. 

For an even lattice L C i? we introduce the linear space 

= © Q6 LV„(l,a). 

Identifying © a Ce a with the group algebrc^ C[L] of the lattice, we can write 
(!73|) more compactly as 

V L = S(f)-)®C[L]. (73) 

There is a natural grading on Vi that turns out to be the one defined by 
the L operator. We take the tensor product grading on (ITS"]) in which S(i)~) 
has the grading of the Fock space of the rank d Heisenberg algebra that it is, 
and where e a has weight Q(a). Using (141 p . the partition function of Vj, is 



= (74) 



10 We only explicitly use the linear structure of C[L], although the algebra structure also 
plays a role. 
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The numerator here is the theta function of L, a topic to which we shall 
return in Section [HI 

So far then, we have described the Fock space Vl as a sum of Heisenberg 
modules. We define Y(v, z) for v G Mq to be the operator whose restriction 
to Vjj(l, a) is just y"v(,(i,a)( v ? z )- In order to impose the structure of VOA 
on Vl, we must construct fields for all of the states in the Fock space f[75|) . 
Because of Theorem 12.71 it suffices to define Y(e a , z) for a G L and establish 
locality, but nothing that has come so far has prepared us for this. The 
generating fields we have considered in detail for the Heisenberg, WZW and 
Virasoro theories have modes a n that are closely related to some Lie algebra, 
but in theories such as Vl this will generally not be the case. We content 
ourselves with the prescription for Y(e a ,z), referring the reader to [FLM] . 
[Kl] for further background and motivation: 

Y (e a , z) = exp ( ^ °^z n ) exp (]T ^z n j e a z a . (75) 

\n>0 / \n<0 / 

Beyond the modes a n of Y(a, z), z a is a shift operator z a : v®e@ i— > z^^v® 
e 13 (v G t)~), and e a : v i— > e(a,[3)v ®e a+l3 for a certain bilinear 2-cocycle 
e : L <g> L -> {±1} (loc cit). 

The ordinary, irreducible modules over Vl are constructed in |Doj . The 
underlying Fock spaces are very similar to ( 1731) . and are indexed by the cosets 
of L in its Z-dual L° (cf. Exercise I7.13p . Precisely, they are 

V L+ x = ©oeiV-^l, a + A) = r ® C[L + A] 

for A G L°, with partition functions 



n Q(a+X) 



The fields YV i+A (t>,,2) are similarly analogous to (1751) (loc cit). Indeed, one 
can usefully combine all of these fields and Fock spaces into a bigger and 
better edifice. For this, see |DL] . For rationality and C 2 -cofiniteness, see 
[DoJ and [DLM4J respectively. Summarizing, 

Theorem 7.6 Let L be an even lattice. Then Vl is a regular VOA, and 
its ordinary, irreducible modules are the Fock spaces Vl+\- It thus has just 
\L° : L\ distinct ordinary, irreducible modules. 
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In the following Exercises, L C E is an even lattice in Euclidean space as 
above. 



Exercise 7.7 Show that the VOA (71\ ) is isomorphic to the tensor product 
M^ d of d copies of the Heisenberg VOA M (cf. Exercise\2lM) ■ 

Exercise 7.8 Show that M d is a simple VOA. 

Exercise 7.9 Verify that if a G L then 1 <g> e a has L -weight Q(a). 

Exercise 7.10 In the definition ofVi, what is the purpose of requiring L to 
be an even lattice? What about positive-definiteness? 

Exercise 7.11 Let a G L. 

(a) Prove that Y(e a , z) is a creative field in 

(b) Prove that Y(e a , z) and Y(v, z) are mutually local (v G f)~ ). 

Exercise 7.12 Let L be an even lattice with L = {a G L | Q(a) = 1}. 
Prove that L is a semisimple root system with components of type ADE. 

Exercise 7.13 The dual lattice of L is defined via 

L° = {/3 G E | {a, 13) G Z V a G L}. 

Prove that L C L° is a subgroup of finite index. 



Exercise 7.14 Let g be a finite-dimensional simple Lie algebra of type ADE. 

(a) Show that the WZW model L fl (l,0) of level 1 is (isomorphic to) the lattice 
theory Vl where L is the root lattice associated to q. 

(b ) Compute the number of inequivalent ordinary, irreducible modules over 



L g (l,0) both by using Theorem 7.1, and by using Theorem 7.6 



Exercise 7.15 Let L\,L2 be a pair of even lattices. 

(a) Show that the orthogonal direct sum L\ _L L 2 is an even lattice. 

(b) Prove that V Ll±L2 = V Ll <8> V L2 (cf. Exercise{K 
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8 Vector- Valued Modular Forms 



In order to formulate modular-invariance for CVcofinite and regular VOAs, 
the idea of a vector-valued modular form is useful. This generalizes the theory 
of modular forms that we discussed in Section [3J and includes as a special 
case the theory of modular forms on a finite-index subgroup of SLzift). We 
use the notation of Section [31 

8.1 Basic Definitions 

Fix an integer k and let foe be the space of holomorphic functional in $j 
regarded as a right T-module with respect to the action defined in (|20|) . 
( |2T|) . A weak vector-valued modular form of weight k may be taken to be 
a finite-dimensional T-submodule V C $ k . Lel0 F(r) = (fi(r), . . . , / p (t))* 
where the component functions fi(r) are a set of (not necessarily linearly 
independent) generators for V. There is then a representation p : T — > 
GLp(C) such that 



where is the obvious extension of the stroke operator to vector- valued 
functions. We also call the pair (F, p) a weak vector- valued modular form 
of weight k. Given a pair (F, p) satisfying (177]) . we recover V as the span of 
the component functions of F(t). The classical modular forms of Section [3] 
correspond to the case when p is the trivial 1-dimensional representation of 

r. 

To describe the extension of to the vector-valued case, decompose V 
into a direct sum of T-invariant indecomposable subspaces 



corresponding to the Jordan decomposition of the action T : f{r) \— > /(r + 1). 
The characteristic polynomial on Vi is (x — e 27 ™^) dim Vi . The basic fact is 

Theorem 8.1 There are q- expansions gj(r) = J2n€Z a ijnQ n y (0 < J < 
rii — 1) such that the functions 



P (j)F(T) = F\ k j(T), 7 er, 



(77) 



V = V x © . . . © V r 



9o(t) + gi(r)logq + . . . + g m (r) (log q) m , < m < m - 1, 



(78) 



ii 



We could equally well deal with meromorphic functions. 
Superscript t denotes transpose. 



12 
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are a basis ofVi. In particular, V has a basis of functions of this form. 

We call (1751) a logarithmic, or polynomial^ g-expansion. 

Suppose that (F, p) is a weak vector-valued modular form. Then the com- 
ponent functions of F(t) are linear combinations of polynomial g-expansions 
( 178 p . We say that (F,p), or simply F(t), is almost holomorphic if the com- 
ponent functions are holomorphic in Sj and if the g-expansions gj{r) are 
left-finite or meromorphic at oo, i.e., for all i,j the Fourier coefficients aij n 
vanish for n C 0. Similarly, F(t) is holomorphic if it is almost holomorphic 
and if a^ n = whenever 9ft(/Xj) + n < 0. These definitions are independent 
of the choice of gj(r). 

Fix an integer N > 1. We set 

A(iV) = hT^V 1 1 t e r). 

This is the smallest normal subgroup of T that contains T . We say that a 
subgroup GCT has level N if A(N) C G. A representation p : T — > GL p (C) 
has /eve/ if kerp has level (equivalently, p(T) has finite order dividing 
N) . A vector- valued modular form (F, p) has level iV if p has level N. Now 
recall that finite-order operators are diagonalizable. It follows from Theorem 
18.11 that if (F, p) has level iV then the component functions of F(r) have 
g-expansions that are free of logarithmic terms. Indeed, the eigenvalues of 
p{T) are Nth., roots of unity, so that the g-expansions (1781) reduce to a single 
g-expansion of the form 

9j(r)=q r/N J2 a ^ n ( 79 ) 

n>0 

for some integer r. 

The principle congruence subgroup of level N is the subgroup of T defined 

by 

T(N) = {7 e r I 7 = I 2 (mod N)}. 

We have A(JV) < r(JV) < T. While T(N) always has finite index in T, A(N) 
has finite index if, and only if < 5 ( [KLN| . pA^aJ). A subgroup GCT 

13 We may rewrite (|78|) using powers of r, or other polynomials in r , instead of powers 
of logg. 
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is a congruence subgroup if T(N) C G for some N; p and (F, p) are called 
modular if kerp is a congruence subgroup. It follows that (F, p) is modular 
if, and only if, the component functions gj(r) of F(r) are such that gj\kl(T~) 
has a g-expansion of shape (1791) for every 7 G I\ This is precisely the defi- 
nition of a classical modular form of weight and level N (we are assuming 
holomorphy in $3 for convenience). The case of level 1 again reduces to the 
theory discussed in Section 

Because T(N) has finite index in T it follows that the image p(T) is 
finite whenever p is modular. However, the converse is false: it may be 
that the image p(T) is finite, so that kerp has finite index in T and therefore 
has some finite level, yet it is not a congruence subgroup. The existence of 
such subgroups goes back to Klein and Fricke. In this vector-valued 
modular form (F, p) will have some finite level N and its component functions 
have g-expansions (!79j) . however not all of them will be classical modular 
forms in the previous sense. This is essentially the theory of modular forms on 
noncongruence subgroups. Modular forms on noncongruence subgroups, and 
more generally component functions of vector valued modular forms, share 
many properties in common with classical modular forms and the differences 
between them can be subtle. It can be difficult to determine whether a given 
vector- valued modular form (F, p) is modular. A fundamental problem in 
this direction is the following: 

Conjecture: Let (F, p) be a vector-valued modular form of level N and weight 
k, and suppose that the component functions of F(r) are linearly indepen- 
dent and have rational integers Fourier coefficients. Then (F, p) is modular. 

We shall see how this fits into VOA theory in the next Section. 

Exercise 8.2 Prove the following: (a) A(N) C T(N) < T, (b) ifGCTisa 
subgroup of finite index then A (AT) C G for some N . 

Exercise 8.3 Let p : V —>■ GL p (C) be a representation of level N. Show that 
p is modular if, and only if, T(N) C kerp. 

Exercise 8.4 : Let F be the inhomogeneous modular group (Exercise \ 3. 1\) 
and let T(N) be the image of T(N) under the natural projection T — > T. 
Prove that T(N) is torsion-free if, and only if, N > 2. 

14 This condition is harmless in practice, but is necessary to avoid trivial counterexam- 
ples, e.g. when F = 0. 
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Exercise 8.5 It is known that T can be abstractly defined by generators and 
relations (x,y \ x A = y 6 = x 2 y~ 3 = 1). Use this to prove the following: (a) 
r/I"" = Z12, (b) V is a congruence subgroup of level 12. (T" is the commutator 
subgroup ofY.) 

Exercise 8.6 Let V C $ k be a finite- dimensionalY -submodule and (/i, . . . , f p ) 
a sequence of functions in V that contains a basis. Prove the existence of a 
representation p satisfying f77| ]. (Hint: first do the case that (fx, . . . , f p ) is 
a linearly independent set.) 

8.2 Examples of Vector- Valued Modular forms 

One can construct a slew of almost holomorphic vector- valued modular forms 
using modular linear differential equations (MLDE) [M] . We briefly explain 
this. Let k, n be integers with n positive. The nth iterate D% of the differ- 
ential operator (1301) is the intertwining map 

D k = D k +2n-2 ° • • • Dk+2 ° Dk '■ Fk ~^ Fk+2n- 

For justification of the notation, see Exercise 13.131 A modular linear differ- 
ential equation is a differential equation of the form 

(D n k + g 2 (r)D r k 1 - 2 + ... + g 2n (r))f = 0, 9i (r) E Wl 2i . (80) 

Using (1301) one can write (1801) as an ordinary differential equation with coeffi- 
cients in the algebra of quasimodular forms £5. We can also write everything 
in terms of the variable q (in the interior of the unit disk in the g-plane) 

(9 n + h 1 (q)9 n - 1 + ... + h 2n (q))f = 0, hiMeQn, (81) 

where we recall that 9 = qd/dq. Then one sees that q = is a regular 
singular point ([H], [I]). By the theory of ODE, the space of solutions is 
an n-dimensional linear space, and because the coefficients are holomorphic 
in fj, so too are the solutions. One sees that the space of solutions is a T- 
submodule of $k+2n, and the theory of Frobenius-Fuchs (loc cit) shows that 
the solutions have g-expansions which are meromorphic at oo in the sense 
of Subsection 18.11 A disadvantage of this approach is that it is hard to get 
information about the representation of T furnished by the space of solutions. 

We have seen that vector-valued modular forms naturally incorporate the 
classical theory of level iV modular forms. We complete this Subsection with 
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a discussion of an important class of such forms, namely theta functions. Let 
L be an even lattice of rank d with associated positive-definite quadratic 
form Q (Subsection IT.3j) . The theta function of L is defined by 

0z(r) = ]>>^) = ]T | w 

aeL n>0 

where L n = {a G L \ Q(a) = n} (cf. (J73])). Hecke and Schoeneberg proved 
([0], [5e] . [5c] ) that if d is even then 9l(t) is a holomorphic modular form 
of weight d/2 and a certain level A/". A precise description of the level would 
take us too far afield, but it divides twice the exponent of the finite abelian 
group L°/L (cf. Exercise I7.13p . In particular, suppose that L is self-dual in 
the sense that L = L°. Then the level is 1, and as we explained this means 
that is a holomorphic modular form of weight d/2 on the full group T. 

There are various ways to prove the modularity of 9l{t). One method 
that is useful in many other contexts is that of Poisson summation ([Q], |Sej). 
The approach in ([5c]) shows that the space spanned by the theta functions 
corresponding to the cosets of L in L°, i.e., the numerators of the expressions 
on the rhs of (1751) . is a T-submodule of dd/2- Note that the theta functions 
of such cosets arise as the numerator in the expression (1751) of the character 
of an ordinary, irreducible module over a lattice VOA. 

The reader may be wondering about the case when the rank d of L is odd. 
One still has holomorphic theta functions as above, however they are of half- 
integral weight and do not qualify as modular forms as we have defined them. 
Odd powers of the eta function also have half-integral weight. These and 
other examples demonstrate the significance of half-integer weight (vector- 
valued) modular forms to our subject, but there is no time to develop the 
subject here. 

Exercise 8.7 Use your knowledge of the theory of ODEs to verify the details 
of the assertions following [80]) leading to the result that the solution space 
is a T-submodule of$k+2n- 

Exercise 8.8 Why is there no term gi{r)D^r l in [ED]) ? 

Exercise 8.9 For a positive- definite, even lattice L of rank d, prove the 
estimate \L n \ — 0(n d l 2 ), and deduce that 9l(t) is holomorphic in ft. 
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Exercise 8.10 Show that Eg is the only finite dimensional simple Lie alge- 
bra whose root lattice is even and self-dual. 

Exercise 8.11 Show that the theta function #e 8 (t) of the E$ root lattice 
coincides with the Eisenstein series Q of Section 

Exercise 8.12 Show that the partition functions of a lattice theory Vl and 
its ordinary, irreducible modules are classical, almost holomorphic, modular 
functions of weight zero of some level N. 

9 Vertex Operator Algebras and Modular- 
Invariance 

In this Section we describe some of the main results concerning the connec- 
tions between (vector-valued) modular forms and VOAs. We are concerned 
here exclusively with regular and C*2-cofinite VOAs as discussed in Sections 
Eland [3 We recall that V is always assumed to be of CFT-type. 

9.1 The Regular Case 

It is convenient to assume at the outset that V is a CVcofinite (but not 
necessarily rational) VOA of central charge c. By Theorem 16.1 31 there are only 
finitely many inequivalent, ordinary, irreducible ^-modules, and we denote 
them V = M 1 , M 2 , . . . , M r . Let the conformal weight of M i be ti (cf. (JHH) 
and attendant discussion), and let Zi be the character of M % (165]) . 

The first basic fact is that 1-point functions are holomorphic in For 
example, it follows from this and Theorems 15 . 71 and 15 . 1 01 that the 2-point func- 
tions Fy((ui, Zi), (u 2 , z 2 )) are elliptic functions. There are two approaches to 
the holomorphy of 1-point functions. The first ([Z]) is to find a modular lin- 
ear differential equation flHT]) satisfied by / = Zi(v,q). In this case, because 
the coefficients of the MLDE are holomorphic in fj, then so are the solutions 
(cf. Exercise 18.71) . The second approach ( |GNj ) uses the PBW-type bases 
that we already mentioned in Subsection 16.21 

We now take V to be regular. The main properties vis-a-vis modular- 
invariance are as follows: 
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Theorem 9.1 Let the notation be as above, and assume that V is regular. 
Then the following hold. 

(a) The central charge c and conformal weights h l are rational numbers. 

(b) There is a representation p : F —>■ GL r (C) of the inhomogeneous modular 
group (cf. Exercise \3. 1\) with the following property: if v G V has L[0]-weight 
k and we set F v = (Z 1 (v), . . . , Z r {v)), then (F v ,p) is an almost holomorphic 
vector- valued modular form of weight k and finite level N. 

We have already discussed the holomorphy of Zi(v). The heart of the 
matter - that there is p such that (F v ,p) is a vector- valued modular form of 
weight k - is more difficult. It ultimately depends on the complete reducibil- 
ity of admissible ^-modules into ordinary irreducible V- modules. See [Z], 
[DLM4J for details. The argument shows that the representation p is inde- 
pendent of the state v. Once the vector- valued modular form is available, one 
uses the theory of ODEs with regular singular points ( [MA] ) to show that 
(a) holds. The argument, which is arithmetic in nature, makes use of the 
fact that if v is taken to be the vacuum vector then the component functions 
Zi(l) of Fx are just the partition functions of the ordinary irreducible mod- 
ules over V, and as such have integral Fourier coefficients. Also, because Fi 
has weight zero (because 1 e V[o]), kerp contains ±J 2 and so p descends to a 
representation of T. The rationality of conformal weights and central charge 
implies that (F v , p) has finite level N (e.g., one can take N to be the gcd of 
the denominators of the rational numbers hi — c/24). There is a basic open 
problem here, namely: 

Modularity Conjecture: In the context of Theorem \9.1\ (F v ,p) is modular. 

This is an article of faith in the physics literature. There are compelling 
arguments (e.g., [Bal] . |Ba2] . |FMS] ) which, however, are not (yet) mathe- 
matically rigorous. Note that this Conjecture follows from the conjectured 
modularity of vector-valued modular forms of level N with integral Fourier 
coefficients stated at the end of Subsection 18.11 There are other avenues via 
which the modularity of (F v ,p) might be established, in particular using the 
theory of tensor products of modules over a VOA and tensor categories (cf. 
EL]). 

It hardly needs to be said that all known regular VOAs satisfy the Mod- 
ularity Conjecture. The case of lattice theories follows from Exercise 18.121 
The case of WZ W models was studied prior to the advent of VOA theory 
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using Lie theory (cf. [KPj . [K2j ) . A discussion of this well as that of 

the simple Virasoro VOAs L c in the discrete series may be found in |FMSj . 



9.2 The C 2 -Cofinite Case 

One desires an analog of Theorem 19 .11 for the more general case of CVcofinite 
VOAs, but any generalization must deal with the fact that the span of the 
partition functions Zi(l) of the ordinary irreducible modules is generally not 
a T-module unless V is a regular VOA. Miyamoto's solution |Myl| (see also 
[Fl] ) involves generalized or pseudo trace functions. The idea is to utilize the 
admissible V^-modules L n (X) constructed from a finite-dimensional module 
X over the algebra A n (V) fIBTI) . C 2 -cofiniteness implies that A n (V) is finite- 
dimensional (Theorem 16. 13j) . and this leads to the fact that each of the 
homogeneous pieces L n (X) m are also finite-dimensional. Because L n (X) is 
admissible then the zero mode o(u) = Lq of the conformal vector operates 
on these homogeneous pieces (|63p . However, in the present context L may 
not be the degree operator, indeed L may not be a semisimple operator. 

We decompose L n (X) m into a direct sum of Jordan blocks for the action of 
Lo- On such a block B there is an Lo-eigenvector with eigenvalue m + A, AG 
C, Lq — (m + X)I is nilpotent, and the exponential operator 

qLo = qm+ x J2 (^(L -m-\)y (g2) 
t>o ^' 

on B reduces to a finite sum. If X is indecomposable, A is determined by the 
action of uj, which (when regarded as an element of A n (V)) turns out to be 
a central element and thus acts on X as a scalar. One can piece together the 
exponentials fl82|) and incorporate zero modes o(v) of other states as before. 
However, the details are not quite straightforward as one needs pseudotraces 
( |Myl| ), which is a type of symmetric function on A n (V) which replaces the 
usual trace. 



The upshot of the analysis sketched above is this: we can define^ (pseudo) 
trace functions Tr^^o(v)q L °~ c / 2/L . Once these gadgets are introduced, one 
can use the arguments in the regular case described in the previous Subsection 
together with additional arguments (to account for the failure of A n (V) to be 



15, 



denotes 'pseudo'. 
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semisimple) to show that for each n and for v G V\u, the pseudo trace func- 
tions define a (finite-dimensional) almost holomorphic vector-valued modular 
form of weight k. Alternatively, they span a finite-dimensional T-submodule 
of (notation as in Subsection 18.11) . In particular, the pseudo characters 
T r L (x)5 ,i °~ C//24 are seen t° be linear combinations of characters of ordinary, 
irreducible ^-modules with coefficients in C[r]. That is, they are polynomial 
g-expansions in the sense of Subsection 18.11 This is, of course, fully consis- 
tent with Theorem 18. II Furthermore, one finds as in the regular case that the 
central charge and conformal weights of the ordinary, irreducible l^-modules 
again lie in Q. 

It would take as too far afield to try to describe any VOAs for which 
the pseudo trace functions actually involve log terms. Such theories are, 
naturally, called logarithmic field theories in the physics literature. For some 
examples, see e.g., |GK] , [X] and references therein. 



Exercise 9.2 Prove that the (image of) the conformal vector u is a central 
element of A n {V) (cf. Exercises \6.9[ [6J0}) . 

9.3 The Holomorphic Case 

We call a simple, regular VOA V holomorphic if it has a unique irreducible 
module, namely the adjoint module V. It seems likely that a simple VOA 
with a unique ordinary irreducible module is necessarily regular, and there- 
fore holomorphic, but this appears to be unknown. Be that as it may, in the 
case of holomorphic VOAs Theorem 19 .11 can be refined, and in particular the 
Modularity Conjecture of Subsection 19.11 holds in this case. This is because if 
a vector- valued modular form of weight k has a single component /(r) then 
it affords a 1-dimensional representation of T and so there is a character 
a : T — > C* such that 

f\ kl (r) = a( 7 )/(r), 7^. (83) 

Since V is a congruence subgroup of level 12 (Exercise I8.5P it follows that 
f{r) is a classical modular form of level dividing 12. Thanks to Theorem 19.11 
all of this applies with / = Zy(v,q), indeed a bit more is true in this case: 
the group of characters of T is cyclic of order 12 (Exercise 18.51) hence that of 
T is cyclic of order 6; and one can argue (cf. Exercise I9.4p that S G kera, so 
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that in fact a has order dividing 3 and each 0(7) in (153"]) is a cube root of 
unity. We thus arrive at 

Theorem 9.3 Suppose that V is a holomorphic VOA of central charge c. 
Then the following hold: 

(a) If v G Vua then Zy(v, r) is an almost holomorphic modular form of weight 
k and level 1 or 3. 

(b) c is an integer divisible by 8. It is divisible by 24 if, and only if, Zy(v, q) 
has level 1. 

Lattice theories provide a large number of holomorphic VOAs. From 
Theorem 17.61 it is immediate that Vl is holomorphic if, and only if, L = L° 
is self-dual. The partition function is Ol{t)/t) c (t) where c is the rank of L 
(174"]) . and in this case the modularity of the partition function follows directly 
from comments in Subsection 18.21 

We also mention that the modules over a tensor product U ® V of VOAs 
(Exercise 12.321) are just the tensor products M <g> N of modules M over U 
and N over V ( [FHLj ). In particular, if U, V are holomorphic then so too is 
U®V. 

Exercise 9.4 Let V be a holomorphic VOA, and let a be the character ofT 
satisfying (*) Z v (1)\ j(t) = a{pf)Z v {l) . Prove that a(S) = 1. (Hint: take 
7 = S and evaluate (*) at r = i.) Using this, give the details of the proofs of 
(a) and (b) in Theorem \9.3[ 

Exercise 9.5 Let V be a holomorphic VOA of central charge c, and let v G 
V[k\. Prove that Z v (v,r) = o(r)/^ c (r) where g(r) is an almost holomorphic 
modular form on T of weight k + c/2. 

9.4 Applications of Modular-Invar iance 

Theorem 19.11 places strong conditions on the 1-point trace functions of a reg- 
ular VOA, and in particular on the partition function. If V is a holomorphic 
VOA the conditions are even stronger. In this Subsection we give a few il- 
lustrations of how modular-invariance can be used to study the structure of 
holomorphic VOAs. 
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By Exercise 19.51 Z V {1) = g{T)/rf{r) where g{r) = 1 + . . . e 9Jt c / 2 is a 
holomorphic modular form on T of weight c/2. There are no (nonzero) such 
forms of negative weight, so we have c > 0. If c = then g(r) — 1 = Zy(r), 
corresponding to the 1-dimensional VOA CI (cf. Exercise I2.30j) which is 
indeed holomorphic. 

Since 8|c, the next two cases are c = 8,16, when g(r) has weight 4 
and 8 respectively. Because of the structure of the algebra Wl of modular 
forms on T (Theorem 13.91 and (128]) ) there is only one choice for g(r) in 
these cases, namely g(r) = Q or Q 2 , so the partition function is uniquely 
determined as Zy(l) = Q/rf{r) or Q 2 /ri w (r) = (Q/i] 8 (r)) 2 (Exercise 18.111 is 
relevant here). We have already seen holomorphic VOAs with these partition 
functions in Subsection l9.3l namely the lattice theories Ve s and Ve 8 ±e$ = V^ 2 
(E 8 refers to the root lattice of type Eg). In fact, there is a second even, self- 
dual lattice L 2 of rank 16 not isometric to Eg _L Eg and we obtain in this 
way a second holomorphic VOA Vl 2 . It turns out that these are the only 
holomorphic VOAs (up to isomorphism) with c = 8 or 16. This result requires 
additional techniques based on applications of the recursion in Theorem 15. 101 
and analytic properties of vector- valued modular forms ([DM2], [DM3]). To 
summarize: 

Theorem 9.6 Suppose that V is a holomorphic VOA of central charge c < 
16. Then one of the following holds: 

(a) c = and V = CI. 

(b) c — 8 and V = Ve 8 is the Eg-lattice theory. 

(c) c = 16 and V = Ve s ±e 8 or Vl 2 ^ s a lattice theory. 

We now consider holomorphic VOAs V of central charge c = 24. In some 
ways, this is the most interesting case. If c > 32 the number of isometry 
classes of even, self-dual lattices of rank c is very large (see [Se] for fur- 
ther comments), so there are a correspondingly large number of isomorphism 
classes of holomorphic VOAs. For rank 24 there are just 24 isometry classes 
of even, self-dual lattices (cf. |CSj . [Se]). so one might hope that there are not 
too many holomorphic VOAs with c = 24. In fact, Schellekens has conjec- 
tured that there are just 71 such theories ( [Sel l]). Now Zy{l) = q~ 1 + . . . is an 
almost holomorphic modular function of weight zero and level 1 by Theorem 
19.31 As such it is a polynomial in the modular function j(r) = q^ 1 + 744 + . . . 
(cf. (I35p and Exercise 13.201) . So there is an integer d such that 

Z v (l) = j(r) +(d- 744) = q~ 1 + d + 196884g + . . . 



64 



and the partition function is determined uniquely by d. Obviously d = 
dimVi, so it is a nonnegative integer, but one cannot say more about d 
on the basis of modular- invariance alone because j(r) + c' is a modular func- 
tion for any constant d . It can in fact be proved that there are onl y f initely 
many choices of d that correspond to possible holomorphic VOAa 16 !. The 
arguments use Lie algebra theory, starting with the Lie algebra structure on 
Vi (Exercise E?D as well as modular forms ( [DMT] - [DM3] . [ScE] ). Of the 71 
conjectured holomorphic c = 24 VOAs, it seems that only 39 are known to 
exist. Beyond the 24 lattice theories, the other 15 are constructed as so- 
called Z2-orbifold models of lattice theories |DGMj . The first construction of 
this type |FLM] leads to the famous Moonshine Module, about which we will 
shortly say a bit more. It is a major problem to decide whether the others 
also exist, and to develop construction techniques when they do. 

As a final example, we mention some recent work of E. Witten [Wi] 
where certain holomorphic vertex operator algebras V^ k ' are posited to exist 
which are related, via the AdS-CFT correspondence, to phenomena concern- 
ing gravity with a negative cosmological constant. has central charge 
Cfc = 24k, k = 1, 2, . . . and a minimal structure compatible with the require- 
ments of modular-invariance imposed by Theorem 19.31 To explain what this 
is supposed to mean, recall (cf. Theorem 17. 2p that Vir Cfc = L Ck is simple, and 
the L Cfc -submodule of 7^ generated by 1 is a graded subspace U naturally 
identified as the Fock space for L Ck . By (|4"2"|) . the graded dimension of U is 

k 

q- k JJ(1 - q n )- 1 = q- k £ d n q n + 0(q) 

n>2 n=0 

for integers do, . . . dk- The posited minimal structure of V^ h ' means that the 
partition function of also satisfies 

k 

Z v(k) (l) = q~ k Y,d n q n + 0(q). 

n=0 

In other words, the first k + 1 graded subspaces Vn k \o < n < k) of 
coincide with the corresponding graded pieces of U, so that they are as small 
as they can be. We know that Z V ( k ){l) is a monic polynomial of degree 

16 No more than a few hundred. 
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k in j(r), and it is clear that is uniquely determined by do, ... , c4, and 
hence by k. 

As in the case of the 'missing' holomorphic c = 24 theories, the main 
question here for the VOA theorist is whether exists or not. The answer 
is unknown for any k with the notable exception of the Moonshine module 
([B]. |FLMj . |DGMj . |My2| ) corresponding to k — 1. In this case the graded 
dimension of U is q~ l + 0(q), the partition function of V* is 

ZvM = 3(q) - 744 = q- 1 + + 196884g + . . . , 

and the minimal structure is reflected in the vanishing of the constant term. 
In this case the Lie algebra structure on the weight 1 subspace is absent, and 
one must exploit instead the Griess algebra, i.e., the commutative algebra 
structure on V% (cf. Exercise 19.91) . 

One of the main features of the Moonshine Module is its automorphism 
group, which is the Monster sporadic simple group ( |FLMj . [Glj . |G2j ). In 
order to develop this aspect of as well as the Z 2 -orbifold construction 
that we mentioned above and other features of VOAs, it would be necessary 
to develop the theory of automorphism groups of VOAs. This will have to 
wait for another day. A brief description of some of the connections between 
automorphism groups and generalized modular forms can be found in [KMJ . 

Exercise 9.7 Let V be a VOA of CFT-type. Prove the following: 

(a) The product [a, b] = a b equips V\ with the structure of a Lie algebra. 

(b) (a,b) = a\b defines a symmetric, invariant, bilinear form on V\. 

Exercise 9.8 Prove that the Fourier coefficients of the q-expansion of &k{j) 
are nonnegative integers (a necessary condition for the existence ofV^). 

Exercise 9.9 Show that the product a±b (a, b e V^) equips the weight 2 sub- 
space of with the structure of a commutative, nonassociative algebra. 
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Part III 

Two Current Research Areas 



10 Some Preliminaries 

10.1 VOAs and Rational Matrix Elements 

As noted in Section 12.61 there are a number of equivalent sets of axioms for 
VOA theory. Here we discuss one of these equivalent approaches wherein 
the properties of a VOA are expressed in terms of the properties of matrix 
elements which turn out to be rational functions of the formal vertex operator 
parameters. In many ways, this is the closest approach to CFT (e.g. [FMSJ) 
in that the formal parameters can be taken to be complex numbers with the 
matrix elements considered as rational functions on the Riemann sphere. 

We begin by defining matrix elements. In order to simplify the discussion, 
we always assume that the VOA is of CFT- type (J62l) . This condition is 
satisfied in all examples we consider. We define the restricted dual space of 
V by [FHL] 

V = ® n >oV*, (84) 

where V* is the dual space of linear functionals on the finite dimensional space 
V n . Let { ,)d denote the canonical pairing between V and V. Define matrix 
elements for a' G V, b G V and vertex operators Y(u x , Z\), . . . Y(u n , z n ) by 

(a',Y(u\z 1 )...Y(u n } z n )b} d . (85) 

In particular, choosing 6 = 1 and a' = V we obtain the (genus zero) n-point 
correlation function 

4 0) {{u\ Zl ), . . . , (it™, z n )) = (1', Y{u\ Zl )... Y(u n , z n )l) d . (86) 

One can show in general that every matrix element is a homogeneous 
rational function of z\, . . . , z n |FHLj . |DGMj . Thus the formal parameters of 
VOA theory can be replaced by complex parameters on (appropriate subdo- 
mains of) the genus zero Riemann sphere CP 1 . We illustrate this by consid- 
ering matrix elements containing one or two vertex operators. Recall from 
(06} that for u G V n 

Uk ■ V m — > Krc+n-fc-l- (87) 
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Hence it follows that for a 1 G V^,, b G V m and u G V n we obtain a monomial 

(a',F( M ^)6) d = C a V m '-— , (88) 

where C% b = (a', M m+n _ m /_i6) d . 

We next consider the matrix element of two vertex operators to find 
(recalling convention ([T])): 

Theorem 10.1 Let a' G V^,, b G V^, u 1 G ond u 2 G V n2 . Then 

w.YKwv.zm* = zr ,fi: [ '; i l. i) ^ . (89) 

W,»)YMU = , r ,. 4 .il^^ i) „ 1+ „ i . 00) 
where f(z±, z 2 ) is a homogeneous polynomial of degree m + mf + n\ + n 2 . 

Remark 10.2 The matrix elements /fgpj). / fPOj) are i/ras determined by a 
unique homogeneous rational function which can be evaluated on CP 1 in the 
domains \z\\ > \z 2 \ and \z 2 \ > \zi\ respectively. 

Proof. Consider 

(a', Y (u\ z^Yiu 2 , z 2 )b) d = YsH < G '' Y *i) c ><*<c', 

A:>0 ceVfc 

where c ranges over any basis of Vk and c' G V k * is dual to c. From flHHj) it 
follows that 

m'-ni 

for infinite series 

G(x) = Ca> c Cc>b xk - 
k>0 ceV fc 

Hence the matrix element is homogeneous of degree m! — m— n\— n 2 . Similarly 

m'-n 2 

(a', Y{u\ z 2 )Y[u\ Zl )b) d = %^HA, 

%i z 2 
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for infinite series 

H w = E E 

fc>o cey fc 

But Y (u 2 , z 2 ) and ^(w 1 , £1) are local of order at most ri\ + n 2 (cf. Exercise 
14.41) and hence 

(„ ~ \ni+ri2 y (~ ~ \ni+ri2 ~ 

m+m m+n 2 Z l / ^m+m m+n 2 Z 2 ^ I J- l Ji J 

Then it follows that 

f(z u z 2 ) = zf +m ( Zl - Z2 r +n *G(^) = zf +m ( Zl - z 2 r +n *H(^), 

Z\ Z2 

is a homogeneous polynomial of degree m + m' + ni + n 2 . 

Properties (189]) and (190]) are equivalent to locality of z\) and Y(u 2 , z 2 ) 
so that the axioms of a VOA can be alternatively formulated in terms of ra- 
tional matrix elements |DGM] . |FHL| . Theorem 110.11 can also be generalized 
for all matrix elements. Furthermore, using the vertex commutator property 
(cf. Exercise 12.141) one can also derive a recursive relationship in terms of 
rational functions between matrix elements for n vertex operators and n — 1 
vertex operators that is the genus zero version of Zhu's recursion formula I 
of Theorem 15.71 1 Z I . 



Exercise 10.3 Prove [8h 
Exercise 10.4 Show l[91\) implies that f(zi,z 2 ) is a polynomial. 



10.2 Genus Zero Heisenberg Correlation Functions 

We illustrate these structures by considering the example of the rank one 
Heisenberg VOA M generated by a weight one vector a. Let 

G£\ Zl , ...,z n ) = F®{(a, Zl ), . . . , (a, z n )). (92) 

denote the n-point correlation function for n Heisenberg vectors. This must 
be a symmetric rational function in zi with poles of order two at Z{ = Zj for 
all i 7^ j from locality. We now determine its exact form. Since a^l = it 
follows that Gi(zi) = 0. The 2-point function is 

Gf\z 1 ,z 2 ) = Y,zr n ~ 1 (l',a m Y(a,z 2 )l) d , 

m>0 
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where ( 18 7p implies that there is no contribution for m < 0. Commuting a m 
we find 

Gf(z u z 2 ) = ^^r m - 1 (l',[a m ,F(a,z 2 )]l) d , 

m>0 

using a m l = for m > 0. But the Heisenberg commutation relations imply 

[a m ,Y(a,z 2 )] = mz™~ 1 , 

so that 

Gf *a) = mzr™- 1 ^ 1 = 7 1 , 2 - (93) 
The general n-point function is similarly given by 

n 

G^( Zl , ...,z n ) = J2 zi m ~ l Y(a, z 2 )... [a m , Y(a, Zi )\ . . . Y(a, z n )l) d , 

m>0 i=2 

leading to a recursive identity 

n 

G^(z u ...,z n ) = J2 7 ^l 2 (z 2 , ..., Zi ..., z n ), (94) 



i=2 



where is deleted. Thus we may recursively solve to find G^} = for 
n odd whereas for n even, Gn is expressed as multiples of rational terms 
of the form f° r a ^ possible pairings Zi,Zj. This can be equivalently 

described in terms of the subset, denoted by F(&), of the permutations of 
the label set $ = {1, . . .n} consisting of fixed-point-free involutions. Thus 
a typical element ip G F($) is given by ip = . . . (ij) . . ., a product of n/2 
disjoint cycles. We then find (1941) implies 

Theorem 10.5 Gn^ vanishes for n odd whereas for n even 

G§\z 1 ,...,z n )= Yl IIt^T^' ( 95 ) 

where the product ranges over all the cycles of ip = . . . (ij) .... 

Remark 10.6 Using associativity one can show that Gn\zi, . . . , z n ) is in 
fact a generating function for all matrix elements of the Heisenberg VOA. 
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Exercise 10.7 Show that |F($)| = (n - 1)!! = (n - l).(n - 3).(n - 5) . . .. 

Exercise 10.8 For n = 4 show that = {(12)(34), (13)(24), (14)(23)} 

and G ( f\zi, z 2 , z 3 , z 4 ) is given by 

1 1 1 

(zt - z 2 ) 2 (z 3 - z 4 ) 2 {zi - z 3 ) 2 (z 2 - z 4 ) 2 (zi - z i ) 2 (z 2 - z 3 ) 2 ' 

10.3 Adjoint Vertex Operators 

The Virasoro subalgebra Lq, Li} generates a natural action on vertex 

operators associated with SX(2,C) Mobius transformations on z (cf. [B] . 
[PGM] . [FHL] . [KT] and Exercise E2I]). Thus under the translation z ^ z + X 
generated by L_i we have (cf. Exercise 12.161) 

q L x ' 1 Y(u,z)q; L - 1 =Y(u,z + \). (96) 
Under z i— > q^z generated by L we have (cf. Exercise 14.21) 

^F^zj^^yf^M^). (97) 
Finally, under the transformation z i— » y^Xz g enera ted by Li we find 

g^,^ 1 = F(^_ Aa) (l - Az)- 2£ ° W , T ^). (98) 

Combining these it follows that the transformation z i— ► — A 2 z _1 is described 
by t a = Qx^Qx-^x" 1 with 

T A y(tt, z^ 1 = r(g^ A _ 2 (A-V)- io n,-A 2 z- 1 ). (99) 

Taking A = in fl99l) corresponding to the inversion z i— > we find 

Y\u,z)=T^ T Y(u,z)T^- 1 = Y(q^(-z 2 r Lo u,z~ 1 ). (100) 

We call Y^(u,z) the adjoint vertex operatoJ^l. For u of weight wt(u) it 
follows that F^iz, z) = Ylm u \i z ~ n ~ l nas modes 

ul = (-1)«*0 J2 y(Liu) 2wt{u y n - k - 2 . (101) 
17 This terminology differs from that of t FHL] 
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(102) 



a! n = -a_ 



(103) 




n+l 



(104) 



We also note that the adjoint vertex operators can be used to construct 
a canonical l^-module as follows. Define vertex operators Yy : V —>■ J-"(V') 



for a' G V and b, u G V. Then (V 7 , Yyv) can be shown to be a V- module 
called the dual or contragradient module |FHL] . 

Exercise 10.9 Prove IfUty) . 

Exercise 10.10 Show for a quasi-primary state u (i.e. L\u = 0) of weight 
wt(u) that under a Mobius transformation z — > <j){z) = ^~rg 



Exercise 10.11 Hence show for n quasi-primary vectors u l of weight wt{u l ) 
that the rational n-point function If8h]) is associated with a (formal) Mobius- 
invariant differential form on CP 1 



4 0) («V".« B )=4°> (( u \z 1 ),...,(u n ,z n )) n dzf>*\ (107) 



Remark 10.12 !Fy (u 1 , . . . ,u n ) is a conformally invariant global meromor- 
phic differential form on CP 1 ifu 1 , . . . ,u n are primary vectors i.e. L n u % = 
for all n > 0. 

Exercise 10.13 Prove HM) . 

Exercise 10.14 Show that (Y^(u,z)Y = Y(u,z). 



by 



(Y'(u,z)a',b) d = (a',Y\u,z)b) 



(105) 




(106) 



Ki<n 
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10.4 Invariant Bilinear Forms 

In this Subsection we consider the construction of a canonical bilinear form 
on V motivated by (I105p . We say a bilinear form ( ,) : V x V — >C is 
invariant if for all a,b,u G V 

(Y(u, z)a, b) = (a, Y j (u, z)b), (108) 

with Y*(a,z) the adjoint operator of (11 001) . In terms of modes, fll08j) reads 

(u n a,b) = (a,ulb), (109) 

using (jlOip . Applying (I104j) it follows that 

(L a,b) = (a, L b). (110) 

Thus for homogeneous a and b then (a, b) = for wt(a) ^ wt(b). 

Next consider a, b with wt(a) = wt(b). Invariance and skew-symmetry 
(cf. Exercise I2.15P give 

(l,Y^(a,z)b) = (-z^-^i^Yiq^a^-^b) 

= (-z 2 )-^(l,q^Y(b, -z- l )q^a) 
= (l,q^(q^b,-z)q^a). 

But (11041) implies this is 

(q L z ^l,Y\q^b,-z)q L z -a) = (1, Y^qpb, -z)ifca). 
Using invariance this becomes 

(Y(q^b, -z)l,q^a). 
Finally, using Exercise 12.91 and (I104p this is 

(q-^q^q^a) = (b,q^a) = (b,Y{a,z)l). 
Thus we have shown 

{Y(a,z)l,b) = (b,Y{a,z)l). 
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In particular, considering the z° term, this implies that the bilinear form is 
symmetric: 

(a,b) = (b,a). (Ill) 

Consider again a, b with wt(a) = wt(b). Using the creation axiom a_il = 
a we obtain 

(a,6) = (l,al 1 6). (112) 

with a}_ x b G Vq. Thanks to the assumption that V is of CFT-type^l we have 
a/^b — ft l for some a G C with (a, b) = a(l, 1). Hence either (1, 1) = so 
that (a, b) = for all a, b or else (a, b) is non-trivial and is uniquely deter- 
mined up to the value of (1, 1) ^ in which case we choose the normalization 
(1,1) = 1. 

It is straightforward to show that if (1, 1)^0 then L{V\ = (cf. Exercise 
110.161) . Li has shown [Li] that the converse is also true i.e. for a VOA of 
CFT-type, then (1, 1) ^ if and only if L X V X = 0. We say that a VOA is of 
Strong CFT-type if it is of CFT-type and LxV\ = 0. Such a VOA therefore 
has a unique normalized invariant bilinear form. 

( , ) determines a standard map from V to the restricted dual space V 
defined by 

a^(a,-). (113) 

Let K, denote the kernel of this map. ( , ) is nondegenerate with /C trivial 
if, and only if, V is isomorphic to V i.e. V is self-dual. In this case, we may 
identify ( , ) with the canonical pairing ( , )d and the dual module f 1 1 5 j) is 
isomorphic to the original VOA. 

The nondegeneracy of ( , ) is also related to the simplicity of the VOA V 
in much that same way that nondegeneracy of the Killing form determines 
semi-simplicity in Lie theory [LI] . Let X C V denote the maximal proper 
ideal of V (cf. Exercise 16.111) . so that 

u n bel, (114) 

for all b G X, u G V. V is simple if X is trivial (cf. Section [6]). We now show 
that assuming V is of strong CFT-type then X = /C and hence V is simple 
if, and only if, ( , ) is nondegenerate. 

18 The general situation is discussed in [Li]). 
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We firstly note that 1 ^ X (otherwise u = G X for all u G V). 

Because V is of CFT-type, then for all b G X it follows 6 ^ Vo and so 

(1,6) = 0. (115) 

Consider u G V and b G X. Then wi^fe G X from fllOip and so 

(«,6) = (l,« t _ 1 6)=0, 

for all u from (11151) . Hence we find X C K. Conversely, suppose that c G /C. 
Then 

(Y\u,z)v,c) = 0, 

for all u,v G V. Invariance implies (u, Y"(w, z)c) = and hence u n c G AT for 
all u n . But given is of strong CFT-type then ( , ) is nontrivial so that 
K, 7^ V and hence /C C X. Thus we conclude X = /C. 

Altogether we may summarize these results as follows: 

Theorem 10.15 Let V be a VOA. An invariant bilinear form ( , ) on V is 
symmetric and diagonal with respect to the canonical L -grading. Further- 
more, if V is of strong CFT-type, ( , ) is unique up to normalization and is 
nondegenerate if and only if V is simple. 

The invariant bilinear form is equivalent to the chiral part of the Zamolod- 
chikov metric in CFT ([BPZ, FMSj |P]) where (abusing notation) 

(a, b) = lim lim (Y(a, z x )l, Y(b, z 2 )l) 

= lim ]im{l,Y\a,z 1 )Y(b,z 2 )l) 

= "(l,Y{a,w 1 = oc)Y{b,z 2 = 0)iy\ (116) 

for w\ = 1/zi following (llOOp . We thus refer to the nondegenerate bilinear 
form as the Li-Zamolodchikov metric on V or LiZ-metric for shortf^l. 

Consider the rank one Heisenberg VOA M generated by a weight one 
state a with V spanned by Fock vectors 

v = a? 1 a? 2 ...a%l, (117) 

19 Although we use the term metric here, the bilinear form is not necessarily positive 
definite. 
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for non-negative integers ej. Using f 1 1 U 3 j) . we find that the Fock basis consist- 
ing of vectors of the form (j!17p is orthogonal with respect to the LiZ-metric 
with 

(v,v)= J] HreJ- (118) 

i<«<p 

Clearly ( , ) is non-degenerate so by Theorem 110.151 it follows that Mq is a 
simple VOA (as already discussed in Section [6]). 

Consider the Virasoro VOA Vir c generated by the Virasoro vector uj of 
central charge c. Using (11 101) it is sufficient to consider the non-degeneracy 
of ( , ) on each homogeneous space V n . In particular, let M n (c) = ((a, b)) be 
the Gram matrix of (Vir c ) n with respect to some basis. The Kac determinant 
is det M n (c) ([KRJ), which is conveniently considered as a polynomial in c. 
By Theorem 110.151 Vir c is simple if, and only if, det M n (c) ^ for all n. For 
n = 2 we have V 2 = Cu with Kac determinant 

det M 2 (c) = (to, to) = (1, L 2 L_ 2 1> = |, (119) 
with a zero at c = 0. For n = 4 we have V4 = C(L^ 2 1, L-4I) with 



MAc) 



c(4 + |c) 3c 
3c 5c 



(120) 



and Kac determinant 



det M 4 (c) = i C 2 (5c + 22) (121) 

with zeros at c = 0, — 

There is a general formula for the Kac determinant det M„(c) which turns 
out to have zeros for central charge 

c = % , = i-5<£zi)!, (122) 

pq 

where (p — l)(g — 1) = n for coprime p,q > 2. Thus Vir c is a simple VOA iff 
c 7^ c Pi g for some coprime p, q > 2 (cf. Theorem 17.21) . 

Exercise 10.16 Show that if (1, 1)^0 then L{V X = 0. 
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Exercise 10.17 Suppose that a G V m ,b e V n and at least one of a orb is 
quasi-primary. Prove that the 2-point correlation function is given by 

(l,Y{a,z 1 )Y(b,z 2 )l) = {a,b \ 2 J m , n . 

(The Zamolodchikov metric in CFT is often introduced in this way.) 
Exercise 10.18 Verify Kim . 

11 The Genus Two Partition Function for the 
Heisenberg VOA 

In this section we will discuss some recent research by the authors wherein we 
develop a theory of partition and n-point correlation functions on a Riemann 
surface of genus two [HJ lMT2l IMT31 [MT4] . The basic idea is to construct 
a genus two Riemann surface by specific sewing schemes where we either 
sew together two once punctured tori or self-sew a twice punctured torus 
(i.e. attach a handle). The partition and n-point functions on the genus two 
surface are then defined in terms of correlation functions on the lower genus 
surfaces combined together in an appropriate way. We will not explore the 
full details entailed in this programme. Instead we will consider the example 
of the Heisenberg VOA Mq and compute the partition function on the genus 
two surface formed from two tori. 



11.1 Genus One Heisenberg 1-Point Functions 

We first discuss the genus one 1-point correlation function for all elements 
of the Heisenberg VOA Mq generated by the weight one Heisenberg vector a 
|MT1] . We make heavy use of the Zhu recursion formulas I and II of Theo- 
rems 15.71 and 15.101 In particular, we prove Theorem 14.51 by considering the 
1-point function Zm {v, t) for a Fock vector in the square bracket formulation 

u = a[-Jfei]...a[-Jfe n ]l, (123) 

for ki > 1. The Fock vector v is of square bracket weight wt[v] = ^ fcj. We 
want to show that 

= (124) 
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for Q v (t) G £5, the algebra of quasimodular forms. Q v {j) is of weight wt[v] 
and is expressed in terms of 

C(k, I) = C(k, I, r) = (-l)^ 1 ^^^"^^ ^^), (125) 

for k, I > 1. Here E n (r) is the Eisenstein series of ( )24l) . We recall that E n = 
for n odd, E^ij) is a quasimodular form of weight 2 and E n is a modular 
form of weight n for even n > 4. Thus C(£;, Z, r) is a quasi-modular form of 
weight k + I. We also note that C(k, I) = C(l, k). 

Each Fock vector v is described by a label set $^ = {ki, ■ ■ ■ , k n } which cor- 
responds in a natural 1-1 manner with unrestricted partitions A = {l ei , 2 62 , . . .} 
of wt[v] (where > 0). We write v = v(X) to indicate this correspondence, 
which will play a significant role later on. Define -F($a) to be the subset 
of all permutations on <3>a consisting only of fixed-point-free involutions. Let 
if = . . . (kikj) . . ., a product of disjoint cycles, denote a typical element of 



We can now describe the 1-point function Z^) (v(X),t) of (I124p [ MT1] 



J M 

Theorem 11.1 For even n 

q v (t) = Yl r (^ r )' ( 126 ) 

r(0,r) = J] C{k u k v r). (127) 

for C of U25\) and where the product ranges over all the cycles of if = 
. . . (kikj) . . . G F($ A ). Q v {r) G O. and is of weight wt[v\. For n odd Q v {j) 
vanishes. 

Proof. Let v(X) = a[— ki]w for w = a[— k%] . . . a[— k n ]l and use the Zhu 
recursion formula II of Theorem 15.101 to find 

Z^\{a[-k x ]w,r) = 5 klA Tr M< MaHw)q L °- 1/24 ) 

+ E(- X ) m+1 ( ^ ^ ~ 1 ) E kl+m (r)Z^(a[m]w, r). 

m>l ^ '' ' 
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But o(a)u = for all u G M and the Heisenberg commutation relations 
imply 

j=2 V J ' 

n 

= ^2C(k 1 ,k J ,T)z1l(w,r), 

where w denotes the Fock vector with label set {&2, . . . , kj . . . , k n } with the 
index kj deleted. The result follows by repeated application of this recursive 
formula until we obtain w = 1 for which Z$ o (1,t) = ^y. The resulting 
expression for Q v (t) is clearly a quasimodular form of weight wt[v] = 
Thus Theorem 111.11 follows . 

Some further insight into the combinatorial structure of Q v (r) can be 
garnered by a consideration of the n-point function for n Heisenberg vectors 
which we denote by 

...,z n ,r) = F$((a, z x ),... (a, z),r). (128) 

This is a symmetric function in z% with a pole of order two at Z{ = Zj for all 
i 7^ j (from locality). For n = 1 we immediately find 

G^\z 1 ,r) = Ti Mo o(a)q Lo ~ 1/24 = 0. 

The 2-point function is easily computed via the Zhu recursion formula I of 
Theorem 15.71 to obtain 



~= Tr Mo o(a)o(a)g^- 1 / 24 -^^^P 1 (m) (^ 12 ,r)4^(a[m]a ) r) 



G 2 (Zi,Z 2 ,T 

* — ' m 

m>l 



+ P 2 (^ 12) r)^-, (129) 
77(g) 



since a[m]a = 15 m ,i and where, from Theorem 15. 1[ we recall 
P 2 (z, r) = -P^z, T ) = - + J2(n- l)E n 



r)z n ~ 2 

dz 

n=2 
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(11291) is the elliptic analogue of the genus zero formula (|9~31 and reflects a 
deeper geometrical structure underlying the Heisenberg VOA e.g. [MT4j . 

Using the n-point correlation function version of the Zhu recursion for- 
mula I we can similarly obtain the genus one analogue of Theorem 110.51 to 
find [MTT 

Theorem 11.2 For n even 

where the product ranges over all the cycles of if = . . . (ij) . . . for $ = 
{1,2,..., n} whereas for n odd Gn vanishes. 

We may use this result to compute any genus one n-point correlation 
function for M by a consideration of an appropriate analytic expansion of 
Gn\zi, . . . , z n , t) [MTlj . In particular, we can re-derive H126[) by making 
use of the following identity 

G<f>(zi,...,Zn,T) = Z$ o (Y[a,z 1 ]...Y[a,z n ]l,T) 

= E Z^ o (v,r)z k r 1 ...z k - 1 , (131) 

k\ ,...h n 

for Fock vector v = a[— ki] . . . a[— k n ]l for all fcj. We may extract the non- 
negative values of ki, . . . , k n from the expansion 

A(%,r)= {Zi _ z . )2 + E C{k h k^r)z^- x zf-\ (132) 

for C of (11251) . Thus (1 1 3 [) implies the formula (11261) of Theorem 111.11 found 
for Q v (t). 

It is very useful to recast Theorem 111.11 in terms of graph theory as 
follows. Consider a Fock vector v(X) with label set <E>a = • • • , k n } and let 
<p G -F($a) be a fixed-point-free involution of $a leading to a contribution 
T(0, r) to Q v {t) in (11271) . We may then associate to each 6 F(&\) a (p-graph 
7^ consisting of n vertices labelled by $a of unit valence with n/2 unoriented 
edges connecting the pairs of vertices (ki, kj) determined by (p = . . . (kikj) . . .. 
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Following Exercise 110.71 there are (n — 1)!! such graphs for a given label 
set $a- Thus, in Exercise 111.41 with v = a[— l] 3 a[— 2} 2 a[— 5]1 there are 15 
independent 0-graphs (cf. Exercise 111.51) . A 0— graph for a fixed point 
involution <\> = (11) (22) (15) is shown below^l. 

1 2 

J \ 2 



1 5 
Fig. 1 

Given a 0-graph 7^ we define a "weight junction 

k ■ {l<t> } — > n, 
as follows: for every edge labeled as • — • define 

k(E,t) = C(k,l,r), (133) 

with 

k{^,t) = Y[k{E,t), (134) 

where the product is taken over all edges of 7^. Thus the 0-graph of Fig. 1 
has weight C(l, 1)C(2, 2)C(1, 5) = -30£ 2 (r)£ 4 (r)£ 6 (r). 

Clearly Theorem 111.11 can now be restated in terms of graphs: 

Theorem 11.3 For a Fock vector v(X) with label set $a = {ki, ■ ■ ■ , k n } and 
even n 

Qv{t) = ^k(70,t), (135) 
where the sum is taken over all independent (p— graphs for $a- 



Note that there are 3 distinct fixed point involutions notated by (11) (22) (15). 
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Exercise 11.4 For v = a[— l] 3 a[— 2] 2 a[— 5]1 of weight wt[v] = 12 with $ A = 



{1,1,1,2,2,5} and |F($ A )| = 5!! = 15 (cf. Exercise \TUl\) show that 

Q v (t) = 6C(1,1)C(1,2)C(2,5) + 3C(1,1)C(2,2)C(1,5) + 6C(1,2) 2 C(1,5) 
= 0-90E 2 (t)E 4 (t)E 6 (t) +0. 



Thus only 3 elements of F(<&\) make a non-zero contribution to Q v (r). 
Exercise 11.5 Find all the (p-graphs for v = a[— l] 3 a[— 2] 2 a[— 5]1. 



In this section we digress from VOA theory to briefly review some aspects 
of Riemann surface theory and the construction of a genus two surface by 
sewing together two punctured tori. A genus two Riemann surface can also 
be constructed by sewing a handle to a torus but we do not consider that 
situation here. For more details see [MT2j . [MT4j . 

Let denote a compact Riemann surface of genus 2 and let a 1 , a 2 , &i, b 2 
be the canonical homology basis e.g. [FK] . There exists two holomorphic 
1-forms Vi, i — 1, 2 which we may normalize by 



for i,j = 1,2. Using the Riemann bilinear relations, one finds that f2 is a 
complex symmetric matrix with positive-definite imaginary part, i.e. Q e S") 2 , 
the genus 2 Siegel complex upper half-space. 

The intersection form H is a natural non-degenerate symplectic bilinear 
form on the first homology group Hi^S^, Z) = Z 4 , satisfying 



11.2 Sewing Two Tori 




The genus 2 period matrix is defined by 




(136) 



E(a,i, dj) = E(bi,bj) = 0, E(ai, bj) = Sy, i,j 
The mapping class group is given by the symplectic group 



1,2. 




AB T 



BA T , CD T = D T C, AD T 



BC 
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where A T denotes the transpose of A. Sp(4, Z) acts on fj 2 via 

7.0= (AVI + B)(CQ + D)-\ (137) 
and naturally on Hi(S, Z), where it preserves S. 

We now briefly review a general method originally due to Yamada [Y] 
and discussed at length in |MT2] for calculating the period matrix (and 
other structures) on a Riemann surface formed by sewing together two other 
Riemann surfaces. In particular, we wish to describe flij on a genus two 
Riemann surface formed by sewing together two tori S a for a = 1,2. Consider 
an oriented torus S a = C/A Tq with lattice A Ta with basis (27rz, 27rir a ) for 
r a G $), the complex upper half plane. For local coordinate z a G S a consider 
the closed disk \z a \ < r a . This is contained in S a provided r a < ^D(q a ) where 

D(q a ) = min |A|, (138) 

is the minimal lattice distance. 

Introduce a sewing parameter e G C where |e| < rir 2 < ^D(qi)D(q 2 ) and 
excise the disk {z a , \z a \ < |e|/r s } centered at z a = to form a punctured 
torus 

<S a = <S a \{Za, \z a \ < M/ r a}, 

where we use the convention 

T=2, 2 = 1. (139) 

Define the annulus 

A = {z a , |e|/r a < \z a \ < r a } C S a , (140) 
We then identify A± with A2 via the sewing relation 

Zl z 2 = e, (141) 

to obtain an explicit construction of a genus two Riemann surface 

5 (2) = Si u S 2 U 04i ~A 2 ), 

which is parameterized by the domain 

V e = {(n, r 2 , e) G « x ft x C | |e| < ^£>( gi )I% 2 )}. (142) 
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Zl = z 2 = 




|e|/r 2 |e|/ri 
Fig. 2 Sewing Two Tori 



In [Y], Yamada describes a general method for computing the period 
matrix on the sewn Riemann surface in terms of data obtained from the 
two tori. This is described in detail in [MT2j where we obtain the explicit 
form for Q in terms of the infinite matrix A a (r a ,e) = (A a (k,l,r a ,e)) for 
k, I > 1 where 



A a (k, I, r a , e) 



-C(k, I, r a ), 



(143) 



and where C(k,l,r a ) is given in (11251) . Thus, dropping the subscript. 





A(t, e) 



( eE 2 (r) V3e 2 E A {r) 

-3e 2 £ 4 (r) -5 v / 2e 3 J E 6 (r) 

V3e 2 E^T) 10e 3 £ 6 (r) 

-5 v / 2e 3 J E 6 (r) -35e 4 £ 8 (r) 

V ; ; ; ; 



/ 



The matrices A±,A 2 not only play a central role here but also later on in 
our discussion of the genus two partition for the Heisenberg VOA Mq. In 
particular, the matrix / — AiA 2 and det(J — A 1 A 2 ) (where I is the infinite 
identity matrix here) are important, where det(J — A 1 A 2 ) is defined by 



logdet(J- A X A 2 ) = Tr log(J - A 1 A 2 ) 

- -E- Tr ((^^) 



(144) 



n>l 



These expressions are power series in £3[[e]]. One finds |MT2j 
Theorem 11.6 
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(a) The infinite matrix 

{I-A l A 2 )- 1 = Y,i^2) n , (145) 

n>0 

is convergent for (ri, r 2 , e) G 

(b) det(J — AiA 2 ) non-vanishing and holomorphic on V e . 

Furthermore we may obtain an explicit formula for the genus two period 
matrix on 

Theorem 11.7 The sewing procedure determines a holomorphic map 

F € :V e -> S) 2 , 
(ri,r 2 ,e) i-> Q(ri,r 2 ,e), (146) 

where Q = fi( r i> r 2 , e) zs given fry 

2m£l u = 2mT 1 + e(A 2 (I- AiA 2 ) -1 )(l, 1), 
2tt^ 22 = 27rir 2 + e(Ai(/-A 2 Ai)- 1 )(l,l), 
2tt^ 12 = — e(J - A 1 A 2 )~ 1 (l, 1). 

i/ere (1,1) refers to the (1, 1)- entry of a matrix. 

V e is preserved under the action of G ~ (SL{2,Z) xSX(2,Z)) x Z 2 , 
the direct product of the left and right torus modular groups, which are 
interchanged upon conjugation by an involution j3 as follows 

,airi + 6i e 

71- (TL,T 2 ,e) = r^T' 7 " 2 ' — r > 

ClTi + C«i CiTi + C(i 

/ \ / 02^2 + &2 £ s 

72- (Ti,r 2 ,e) = ri, — , — ), 

C 2 T 2 + d 2 C 2 T 2 + d 2 

p.(n,T 2 ,e) = (r 2 ,T!,e), (147) 
for (71,72) G SL(2,Z) x SX(2,Z) with 7i = 
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There is a natural injection G 
subgroups are mapped to 



a x bi 

10 

d di 

1 



Sp(4,Z) in which the two SX(2,Z) 



148) 



1 














fl 2 





6 2 








1 








c 2 





rf 2 



and the involution is mapped to 






1 








1 




















1 








1 






(149) 



Thus as a subgroup of Sp(4, Z), G also has a natural action on the Siegel 
upper half plane S) 2 as given in (I137p . This action is compatible with respect 
to the map (I146P which is directly related to the observation that A a {k, I, r a , e) 
of (11431) is a modular form of weight k+l for k+l > 2, whereas A a (l, 1, r a , e) = 
eE2(r a ) is a quasi-modular form. The exceptional modular transformation 
property of the latter term (129|) leads via Theorem 111.71 to 

Theorem 11.8 F e is equivariant with respect to the action of G i.e. there 
is a commutative diagram for 7 G G, 



7 i 



£2 
I 7 
£2 



Exercise 11.9 Show that to 0(e 4 ) 

27rzQ u = 2ttzti + E 2 (r 2 )e 2 + E 2 (T 1 )E 2 (T 2 ) 2 e 4 , 
2vrifi 22 = 27rir 2 + E 2 (ri)e 2 + J E 2 (r 1 ) 2 J E; 2 (r 1 ) 2 e 4 , 
27rifii2 = -e + E 2 (r 1 ) J E 2 (r 2 )e 3 . 
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11.3 The Genus Two Partition Function for the Heisen- 
berg VOA 

In this section we define and compute the genus two partition function for 
the Heisenberg VOA M on the genus two Riemann surface described 
in the last section. The partition function is defined in terms of the genus 
one 1-point functions Z^(v, r ) on S a = C/ A Ta for all v G M. The rationale 
behind this definition, which is strongly influenced by ideas in CFT, can be 
motivated by considering the following trivial sewing of a torus Si = C/ A T1 
to a Riemann sphere CP 1 . Let Z\ G Si and Z2 G CP 1 be local coordinates and 
define the sewing by identifying the annuli r a > \z a \ > jelr^" 1 via the sewing 
relation Z\Zi = e (adopting the same notation as above). The resulting 
surface is a torus described by the same modular parameter t\. 

Let V be a VOA with LiZ metric ( , ) and consider an n-point functional 
Fy^^v 1 , Xi), . . . (v n , x n ), T\) for %i G A\i ^e torus annulus (j!40p . This can 
be expressed in terms of a 1-point function ( [MTlj . Lemma 3.1) by 

F v l \(v\xi),...{v n ,x n ),Ti) = Z<p(Y[v\ Xl ]...Y[v n ,x n ]l,Ti) (150) 

= 4 1} (Y[v\ Xi n ] . . . Y[v n ~\ x n _i n ]v n , n), 

(151) 

for x in = Xi — x n (see (11311) ). Denote the square bracket LiZ metric by ( , ) sq , 
and choose a basis {u} of Vj r ] with dual basis {u} with respect to ( , ) sq . 
Expanding in this basis we find that for any < k < n — 1 

Y[v k+ \ x k+ i] . . . Y[v n , x n ]l=J2Yl F ^+1] • • • x n ]l) m u, 

r>0 ueV[ r ] 

so that 

F$\(v 1 ,x 1 ),...(v n ,x n ),r 1 ) = E ZP(Y[v\xi}...Y[v k ,x k }u,Ti) 

r>0 u£V[ r ] 

.(u,Y[v k+1 ,x k+ i]...Y[v n ,x n ]l) sq . 

21 Here and below we include a superscript (1) to indicate the genus of the Riemann 
torus. 
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Using (11511) we have 

4 1} (>>\ zi] • • ■ * n) = Res^ 1 ^^ 1 , • • ■ (v k , x k ), (u, Zl ), r x ). 

Let us now assume that each v l is quasi-primary of L[0] weight u>i[V] and let 
Vi = e /x t E CP 1 . Then f lTO . ffTTB . (197]) and ffTU2j) respectively imply 

(«,yK +1 )%1 ]...yK,i„]i) sq 

= (l,Yi[v n ,x n ] . . .Y^[v k+ \x k+1 ]u) sq 

= (l,S°W[v n ,x n ]e- L ® . ..e L ^[v k+ \x k+1 ]e- L ^e L ^u) m 
= e^l,Y[v n ,y n }...Y[v k+ \y k+1 }u) sq J] 

k+l<j<n 3 



= e r Res 




Note that we are also making use here of the isomorphism between the round 
and square bracket formalisms in the identification of the genus zero correla- 
tion function. The result of these calculations is that for any < k < n — 1 

F$\v\...v n -,T 1 ) = FW((v\x 1 ),...(v n ,x n ),T 1 ) n d Xi wt[vl] = 

l<i<n 

Yl ^z 1 z 1 1 F^\(v 1 ,x 1 ),...(v k ,x k ),(u,z 1 ),T 1 ). 

r>0 ueV[ r ] 

Res Z2 z^F^((v k+ \y k+1 ),...(v\ yi ),(u, z 2 )) JJ dx^ \{ dy^\ 

l<i<k k+l<j<n 

(152) 

Following Exercises 110.101 and 110.111 the (formal) form J r y\v l , . . . v n ; n) is 
invariant with respect to Mobius transformations. (Similarly to Remark 
dOH we note that rf ] (v 1 , . . . v n ; t%) is a conformally invariant global form on 
S% for primary v 1 , . . . v n ). Geometrically, (11521) is telling us that we express 
Fy\v 1 , . . . v n ; ri) via the sewing procedure in terms of data arising from 
Ty (v 1 , . . .v k , u\T\) and Jy\v k+1 , . . . v 1 , u) (cf. (11071) ). Furthermore, we 
may choose to consider the contribution from a quasi-primary vector v l as 
arising from either an "insertion" at X{ G S\ or at the identified point y« = 
e/xt E CP 1 . 
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Fig. 3. Equivalent insertion of v % at Xi or jji = e/xj. 

A special case of (I152p is the partition (0-point) function for which we 
find the trivial identity 

Zv(n) = £ r E 4V Ti)Res Z2 z^F$\u, z 2 ) = Z$\ n ) + 0, (153) 

since Fy\u, z 2 ) = for u Vj ]. 

Motivated by this example, we define the genus two partition function 
where we effectively replace the Riemann sphere on the rhs in Fig. 3 by a 
second torus S 2 = C/A T2 as described in the Section 111.21 Thus replacing 
the genus zero 1-point function Fy\u, 0) of (11531) by Zy(u, r 2 ) we define the 
genus two partition function for a VOA V with a LiZ metric by 

4 2) (ri,r 2 ,e) = Y,e r £ Z®{u, n)Z$\u, r 2 ). (154) 
r>0 uey[ r ] 

The inner sum is taken over any basis {u} for Vw with dual basis {u} with 
respect to the square bracket LiZ metric. Although the definition is associ- 
ated with the specific genus two sewing scheme, it is regarded at this stage 
as a purely formal expression which can be computed to any given order in e. 
One can also define genus two correlation functions by inserting appropriate 
genus one correlation functions in (11541) . We do not consider these here. 

Let us now compute the genus two partition function for the rank one 
Heisenberg VOA M generated by a of weight 1. We employ the square 
bracket Fock basis of (11231) which we alternatively notate here (cf. (11171) ) by 

v = v(X) = a[-l} ei . . . a[-p} e n, (155) 
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for non-negative integers e^. We recall that v(X) is of square bracket weight 
wt[v] = J2i i e i an d is described by a label set <&\ = {1, . . . ,p} with n = J2 e i 
elements corresponding to an unrestricted partition A = {l ei . . .p ep } of w;t[t>]. 
The Fock vectors (I155P form a diagonal basis for the LiZ metric ( , ) sq with 

B = IW-W - (156) 



from (11181) . Following (H54p . we find 



z ( S i^t) = E nf-,>,,. z M!(vi)4!(v 2 ), (157) 



where the sum is taken over the basis (I155p . Z^(ti,t 2 , e) is given by the 
following closed formula |MT4j : 

Theorem 11.10 The genus two partition function for the rank one Heisen- 
berg VOA is 

Z<2 (Ti,T 2 ,e) = 1 (det(J - AA))- 1 / 2 , (158) 
with A a of |Xpl ). 

Proof. The proof relies on an interesting graph-theoretic interpretation of 
(11571) . This follows the technique introduced in Theorem 1 1 1 . 3 1 for graphically 
interpreting the genus one 1-point function (v(X),Ti) in terms the sum 
of weights for the 0-graphs. We sketch the main features of the proof leaving 
the interested reader to explore the details in |MT4j . 

Since v(X) is indexed by unrestricted partitions A = {l ei , 2 62 , . . .} we may 
write (I157P as 

Z$ (n,T 2 ,e)= TTTi-Tli^Y 4>(A),n)4>(A),r 2 ). (159) 



\={i e i} 



Theorem 111 .31 implies Z^ Q (v(X), r x ) = for odd n = ^2 e i whereas for n even 
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where 7^ , 7^ independently range over the 0— graphs for $ A . Any pair 
7^1 > 7</>2 can be naturally combined to form a chequered diagram D consist- 

k a I 

ing of n vertices labelled by <£>a of valence 2 with n unoriented edges • — • 
consecutively labelled by a = 1, 2 as specified by <p a — . . . (kl) . . .. Follow- 
ing Exercise 110.71 there are (n\\) 2 chequered diagrams for a given v (A). We 
illustrate an example of such a diagram in Fig. 4 for v = a[— l] 3 a[— 2] 2 a[— 5]1 
with <pi of Fig. 1 and a separate choice for </> 2 with cycle shape ( 1 1) (22) (15) 




Fig. 4 A Chequered Diagram 

For A = {l ei . . .p £p } the symmetric group £($a) acts on the chequered 
diagrams which have $a as underlying set of labeled nodes. We define 
Aut(-D), the automorphism group of D, to be the subgroup of £($a) which 
preserves node labels. Aut(D) is isomorphic to S ei x . . . x S Ep of order 
|Aut(.D)| = rL e «'- We may thus express (1159ft as a sum over the isomor- 
phism classes of chequered diagrams D with 



~(3), 1 \- CP) 

^M {n, 7-2, e) - -7-T-7-T 2^ JX^Tr 



vinMri) ^ \Aut(D)\> 
and e 

CP) = n(7j «(70i,n)K(70 2 ,T 2 ), (160) 

where D is determined by 7^,7^ and noting that FT^ (— l) £l = 1 for n even. 
From (1 134ft we recall that ^(7^, Ti) is a product of the weights of the a 
labelled edges. Then CP) can be more naturally expressed in terms of a 
weight function on chequered diagrams defined by 

((d) = u e ((e), (i6i) 

where the product is taken over the edges E of D and where for an edge E 

k a I 

labeled • — • we define 

k + l 

C(E) = e -^=C(k,l,r a ) = A a (k,l,r a ,e), 
vkl 
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for A a of ([USD. 



Every chequered diagram can be formally represented as a product 

D = Y[LT% 

i 

with D a disjoint union of unoriented chequered cycles (connected diagrams) 
Li with multiplicity mi (e.g. the chequered diagram of Fig. 4 is the product 
of two disjoint cycles). Then Aut(D) is isomorphic to the direct product of 
the groups Aut(L™ ! ) of order |Aut(L™ ! )| = |Aut(Li)p so that 

\Knt{D)\ = \[\Knt{L l )r m t l 

i 

But from (I16ip it is clear that ((D) is multiplicative over disjoint unions of 
diagrams, and we find 



^|Aut(D)| y^ Q |Aut(L)hm! 




where L ranges over isomorphism classes of unoriented chequered cycles. 
Further analysis shows that [MT4j 

? A = ^ » ( w) = ~^ (log(1 - AiAi)) ' 

so that we find 

following (11441) . Thus Theorem 111.101 holds. 

The convergence and holomorphy of the determinant is the subject of 
Theorem 111.61 (b) so that having computed the closed formula (I158p we may 
conclude that Z^ (ti, t 2 , e) is not just a formal function but can be evaluated 
on T> e to find 
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Theorem 11.11 Z^(r 1 ,r 2 ,e) is holomorphic on the domain V e 



We next consider the automorphic properties of Z^ q (ti, r 2 , e) with respect 
to the modular group G C Sp(A, Z) of (11471) which acts on T> e . We first recall 
a little from the classical theory of modular forms (cf. Section [3]). For a 

meromorphic function /(r) on $), k G Z and 7 = ( ^ ^ J G SX(2,Z), we 

define the right action 

/W| fc 7 = /(7r) (cr + d)- k , (162) 

where, as usual 

ar + b 
ct + a 

/(r) is called a weak modular form for a subgroup T C SL(2, Z) of weight A; 
if/(r)U7 = /(r)forall 7 er. 

We have already discussed the (genus one) partition function for the rank 
n Heisenberg VOA V = M$ n in Subsection 14.21 (cf. ( 14TI) ). In particular, for 
n = 2 we have 

Then we find 

Z M^)Ul ^ x{l)Z%{rl (163) 
where x is a character of SL(2, Z) of order 12 (cf. Exercise 18.51 and [Se]). and 

^L(r)- 1 = A(r). (164) 

Similarly, we consider the genus two partition function for the rank two 
Heisenberg VOA given by 



Z^(n,r 2 ,e) = Z% o (T h T 2 ,ef = w ^ _ ^ . (165) 



Analogously to ( 1 162[) . we define for all 7 G G 

f(rx, r 2 , e)\ kl = /( 7 ( n , r 2 , e)) det(CQ + D)- fc , (166) 
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where the action of 7 on the right-hand-side is as in (I147p and Q(ri,T 2 ,e) 
is determined by Theorem 1 1 1 . 71 Then (11661) defines a right action of G on 
functions /(ti, r 2 , e). We next obtain a natural genus two extension of (I163p . 
Define the a character x^ of G by 

X (2) (7i72/5 m ) = (-l) m x(7i)x(72), 7, e T,, i = 1,2. 

with r i; /5 of (I148P and (I149p . x^ takes values which are twelfth roots of 
unity. Then, much as for Theorem 111.71 the exceptional transformation law 
of A a (l, 1, r a , e) = E 2 (T a ) implies that 

Theorem 11.12 J/7 G G then 

^ 2 (r 1 ,r 2 ,6)|_ 1 7 = X (2) (7)^(ri ) r 2) e). 

The definition (11661) is analogous to that for a Siegel modular form for the 
symplectic group Sp(A, Z) defined as follows (e.g. [Ik])- For a meromorphic 
function F(Q) on fj 2 , fceZ and 7 G 5p(4, Z), we define the right action 

F(fi)| fc 7 = F( 7 .0) det(CT. + D)~ fc , (167) 

with 7.f2 of (11371) . J^fi) is called a modular form for T C Sp(4, Z) of weight 
fc if F(n)| fc 7 = for all 7 G T. 

Theorem 111.121 implies that for the rank 24 Heisenberg VOA Mq 4 

Z^L(Ti,T 2 ,e)|_i 2 7 = ^M24(ri,r 2 ,e), (168) 

for all 7 G G. This might lead one to speculate that, analogously to the 
genus one case in (I164p . Z^Ati, t 2 , e) _1 is a holomorphic Siegel modular 

Mq 

form of weight 12. Indeed, there does exist a unique holomorphic Siegel 12 
form, A12 ($7), such that 

A$(ft)->A(7i)A(T 2 ), 
as 6 — > but explicit calculations show that ,Z^24(ti> 7"2j £ 

)- x ^ A<?(fi). In 

any case, we cannot naturally extend the action of G on T> e to Sp(4, Z). These 
observations are strongly expected to be related to the conformal anomaly 
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[BK] in string theory and to the non-existence of a global section for the 
Hodge line bundle in algebraic geometry [Mu2j . 



Siegel modular forms do arise in the determination of the genus two par- 
tition function for a lattice VOA Vl for even lattice L of rank I (and conjec- 
turally for all rational theories) as follows. We recall the genus one partition 
function for Vl is (cf. Subsection 17. 3j) 

Z^(r) = Z^(r)ei\r) } (169) 

for 9l\t) = g( a ' Q )/ 2 . In the genus two case, we may define the Siegel 
lattice theta function by [Ff] 

6 L 2 \Q) = exp(«((a,a)fi 11 + 2(a,/5)n 12 + (A/3)fi 22 )). 

a,(3eL 

9 L (fl) is a Siegel modular form of weight 1/2 for a subgroup of Sp(A, Z). 
The genus one result (11691) is naturally generalized to find |MT4j : 

Theorem 11.13 For a lattice VOA Vl we have 

Z^(r ll T 2j e) = Z^(r 1 ,T 2l e)e i L 2 \n). 



Exercise 11.14 Show that Z^(ti, r 2 , e) to 0(e 4 ) is given by 



1 + -E 2 (r l )E 2 (r 2 )e 2 



| E 2 {T X fE 2 {r 2 f + H E±{t x )E a {t 2 ) ) e 4 



r){Ti)r){T 2 ) _ 

Exercise 11.15 Verify U58\) to 0(e 4 ) by showing that 

det(I - A X A 2 ) = 1 - J B 2 (r 1 ) J E 2 (r 2 )e 2 - 15 J E 4 (r 1 ) J E 4 (r 2 )e 4 + 0(e 
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12 Exceptional VOAs and the Virasoro Alge- 
bra 



In this section we review some recent research concerning a role played by 
the Virasoro algebra in certain exceptional VOAs [T2j . |T3j . We will mainly 
concern ourselves here with simple VOAs V of strong CFT-type for which 
dimVi > 0. We construct certain quadratic Casimir vectors from the ele- 
ments of V\ and examine the constraints on V arising from the assumption 
that the Casimir vectors of low weight are Virasoro descendants of the vac- 
uum. This sort of assumption is similar to that of 'minimality' in the holo- 
morphic VOAs that we discussed in Subsection 19.41 In particular we 
discuss how a special set of simple Lie algebras: A x , A 2 , G 2 , -D4, F 4 , E 6 , E 7 , E 8 , 
known as Deligne's exceptional series [Dej . arises in this context. We also 
show that the genus one partition function is determined by the same Vi- 
rasoro condition. These constraints follow from an analysis of appropriate 
genus zero matrix elements and genus one 2-point functions. In particular, 
we will make a relatively elementary use of rational matrix elements, the 
LiZ metric, the Zhu reduction formula and modular differential equations. 
As such, this example offers a useful and explicit application of many of the 
concepts reviewed in these Notes. 

12.1 Quadratic Casimirs and Genus Zero Constraints 

Consider a simple VOA V of strong CFT-type of central charge c with d = 
dimVi > 0. From Theorem 110.151 V possesses an LiZ metric ( ,), i.e. a 
unique (non-degenerate) normalized symmetric bilinear form. For a, b £ V\ 
define [a, b] = a^b. From Exercise 19.71 this defines a Lie algebra on V\ with 
invariant bilinear form ( , ). We denote this Lie algebra by q. The modes of 
elements of V\ satisfy the Kac-Moody algebra (cf. Exercise 112. 7[) 



which we denote by g. 

Let = 1 . . . d} and {u&\f3 = 1 . . . d} denote a g-basis and LiZ dual 

basis respectively. Define the quadratic Casimir vectors by 



[a m , b n ] = [a, b] m+ , 



-n 



m(a,b)5 m+nfi . 



(170) 



n 1 



(171) 
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where a is summed. Since u a G V\ is a primary vector it follows that 
[L m , u"] = -nw° +n and hence 

L m A (n) = (n - l)A (n ~ m) for m > 0. (172) 

Let Vir c denote the subVOA of V generated by the Virasoro vector to. 
We then find 

Lemma 12.1 The LiZ metric is non- degenerate on Vir c . 

Proof. Let v = L- ni L_ n2 . . . L_ nk l GVir c . Then fj!04|) gives 

(v, a) = (1, L nk . . . L n2 L ni a) = 0, 

for a G V\ Vir c . Since ( , ) is non-degenerate on V it must be non-degenerate 
on Vir c . 

Remark 12.2 We note that this implies from Theorem \10.15\ that Vir c is 
simple with c ^ c PA of U2ty) . 

We now consider the constraints on g that follow from assuming that 
e yj rc f or sma ll n ^ Firstly let us note [Mat] 

Lemma 12.3 If A^ G Vir c then G Vir c and is uniquely determined for 
all m < n. 

Proof. If A^ G Vir c then \( n ' = X^ e (Vir ) ^ n ^) v summing over a basis 
for (Vir c ) n . But (v, A^) is uniquely determined by repeated use of (11721) 
and Exercise 112.81 Furthermore, for m < n we have = -^L n - m \^ G 
(Vir c ) m . 

If follows that A*- 2 - 1 G Vir c implies 

A« = --u, (173) 

c 

22 The original motivation, due to Matsuo Mat , for considering quadratic Casimirs 
is that both they and Vir c are invariant under the automorphism group of V. Matsuo 
considered VOAs for which the automorphism invariants of V n consist only of Virasoro 
descendents for small n. Hence for these VOAs it necessarily follows that A^ n ^ £ Vir c . 
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where c ^ following Remark 112.21 Note that for g simple, this is the 
standard Sugawara construction for uj of (I69p . Similarly A^ G Vir c implies 



A (4) 



3d 



{4L 2 _ 2 1 + (2 + c) L_ 4 l) 



174) 



c(5c + 22) 

with c 7^ 0, — y following Remark 112.21 

We next consider the constraints on q if either f llT3j) or (11741) hold. We 
do this by analysing the following genus zero matrix element 

F(a, b- x, y) = (a, Y(u a , x)Y(u a , y)b), (175) 

where a is summed and a, b G V\. Using associativity and (11711) we find 

F(a,b;x,y) = (a,Y(Y(u a ,x - y)u a ,y)b) 

^$>,o(A^> (: 

y > n>0 



x-y 



[X 



y 



(176) 



where o(A^) = A„_i from ( 1371) . Thus Exercise 112.81 implies 



F(a,b;x,y) 



(x - yf 



-d(a, b) + 0+ (a,o(A (2) )6) 



x-y 



y 



+ 



Alternatively, we also have 

F(a } b;x } y) = (a 1 Y(u a } x)e yL - 1 Y(b 1 -y)u a ) 

= (a } e yL - 1 Y(u a ,x-y)Y(b 1 -y)u a } 

= (e yLl a,Y(u a ,x - y)Y(b, -y)u a ) 

= (a,Y(u a ,x-y)Y(b,-y)u a ) 



(177) 



m>0 



-y 



x-y 



{a.u^biu 01 ) — (a, Mq^qm")- 



+ . . 

x-y 

using skew-symmetry and translation (cf. Exercises 12.151 and 12.161) . invari- 
ance of the LiZ metric and that a is primary. The leading term is 



(a,u°: 1 b 1 u a ) = -(a,u a )(b,u a ) = -(a,b). 
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The next to leading term is 

— (a, 6 m q ) = (u a ,a b u a ) = K(a,b), 
the Lie algebra Killing form 

K(a,b) = Tr 3 (a b ). 

Thus we have 



1 



F(a,b;x,y) = — 



■(a, b) +K(a,b)^— + ... 

x-y 



(178) 
(179) 



From Theorem 1 1 . 1 1 we know that F(a, b; x, y) is given by a rational func- 



tion 



F(a,b;x,y) 



f(a,b;x,y) 



(180) 



x 2 y 2 (x — y) 2 ' 

where f(a,b;x,y) is a homogeneous polynomial of degree 4. Furthermore 
f(a, b; x, y) is clearly symmetric in x, y so that it may parameterized 

f(a, b; x, y) = p(a, b)x 2 y 2 + q(a, b)xy(x - y) 2 + r(a, b) (x - y) 4 , (181) 

for some bilinears p(a, b), q(a, b) and r(a, b). We find 

Proposition 12.4 p(a,b),q(a,b),r(a,b) are given by 

p(a,b) = -d(a,b), (182) 
q{a,b) = K{a,b)-2{a,b), (183) 
r( a ,b) = -(a,b). (184) 

Proof. Expanding (11801) in we have 

2 



F(a,b;x,y) 



1 



(x - yf 



p{a,b) + q(a,b) 



x-y 
y 



185) 



whereas expanding (11801) in gives 

x y 



F(a,b;x,y) = — 



r(a,b) + (-2r(a,b) + q(a,b))- 



y 



x-y 



+ 



(186) 



Comparing to (j!77p and (11791) gives the result. 



We next show that if A^ 2 -* G Vir c then the Killing form is proportional to 
the LiZ metric: 
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Proposition 12.5 If A (2) E Vir c th 



en 



K(a,b) =-2(a,b) ( --1 ) , (187) 



so that 

f(a,b;x,y) = -(a,b) 



2d 

dx 2 y 2 H xy(x — y) 2 + (x — yf 



Proof. ( 1173H implies o(A^) = — —L . Comparing the next to leading terms 
in (HTTP and ffTgoD we find 

q(a,b) = (a,o(X i2) )b) = - — (a,b), 

c 

which implies the result. 

Since the LiZ metric is non-degenerate, it follows from Cartan's criterion 
in Lie theory that q is solvable for d = c and is semi-simple for d 7^ c i.e. 

= 1 ©s 2 ©...©g r , 

for simple components g 1 of dimension d l . The corresponding Kac- Moody 
algebra g l has level l l = — a 1 ) where a 1 is a long rootle so that the dual 
Coxeter number is 

Kt = n- c - 1). (189) 

Furthermore, (11731) implies that to = ^ 1<i<r k> J with to 1 the Sugawara Vi- 
rasoro vector for central charge d = jf^y for the simple component $j\ It 
follows that for each component 

d l d , . 

- = - 190 

c % c 



so that 



9/7 

A *(2) = _±V, (191) 
c 



for the quadratic Casimir on g\ 

23 Then (a, 6)j = — (a, is the unique non-degenerate form on of^ with normalization 
{ai,oti)i = 2. 
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We next show that if \^ G Vir c then g must be simple. Let L l n denote 
the modes of uj 1 and L n = £\ U n denote the modes of uj with [L* m , LP n ] = 
for i ^ j. Using A^ 4 -* = Yli (f° r quadratic Casimirs on g*) it follows from 
ffTT2l) that 

4A (4) = 3A i(2) . (192) 
Since L l n satisfies the Virasoro algebra of central charge d we find 

L\L_ A 1 = 6u\ 
If A (4) e Vir c then fTlTD holds and hence 

^ A,4) = -7(5l?22)( (44 + 6 ^' + 4 ^- 
Equating to (j!92p and using (11911) implies that 

i cl 
uj = —uj. 

c 

But since the Virasoro vectors uj 1 , . . .uj r are independent it follows that r = 1 
i.e. g is a simple Lie algebra. 

If (11741) holds one also finds that 

Comparing to the corresponding term in (I176p this results in a further con- 
straint on the parameters d, c in (I188p given by 

Notice that the numerator vanishes for c = 0, —22/5, the zeros of the Kac 
determinant det M 4 (c) (fmD . 

For integral d > there are only 42 rational values of c satisfying (I193p . 
This list is further restricted by the possible values of d for g simple. The 
level I is necessarily rational from (11891) . Restricting I to be integral (for 
example, if V is assumed to be C2-cofinite |DMlj ) we find that I = 1 and g 
must be one of Deligne's exceptional Lie algebras: 
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Theorem 12.6 Suppose G Vir c . 

(a) Then g is a simple Lie algebra. 

(b) If c is rational and the level I of q is integral then 

g = A u A 2 , G 2 , Di, F 4 , E 6 , E 7 or E 8 , 
with dual Coxeter number 

h 



d 12 + 6c 



c 10 -c 

for central charge c = 1, 2, y , 4, y , 6, 7, 8 respectively and level 1 = 1. 

The simple Lie algebras appearing in Theorem 1 12.61 are known as Deligne's 
exceptional Lie algebras |Dej . These algebras are of particular interest be- 
cause not only is the dimension d of the adjoint representation g described 
by a rational function of c in f!193j) but also the dimensions of the irreducible 
representations that arise in decomposition of up to four tensor products of 
g. In Deligne's original calculations, these dimensions were expressed as ra- 
tional functions of a convenient parameter A. In this VOA setting we instead 
employ the canonical parameter c where A = 



Exercise 12.7 Verify [Hty . 



Exercise 12.8 Show that A (0) = -dl and A (1) = 0. 
Exercise 12.9 Verify [Hty . 



Exercise 12.10 Verify ITW using \12(\) 



12.2 Genus One Constraints from Quadratic Casimirs 

We next consider the constraints on the genus one partition function Zy(r) 
that follow if A^ 4 -* G Vir c . We will show that in this case, Zy{r) is the unique 
solution to a second order Modular Linear Differential Equation (MLDE) (cf. 
Subsection 18.21) . As a consequence, we prove that V = L (1,O), the level 1 
WZW VOA where g is an Deligne exceptional series. To prove this we apply 
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both versions of Zhu's recursion formulas of Theorems 15.71 and 15.101 In par- 
ticular, we evaluate the 1-point correlation function for a Virasoro descendent 
of the vacuum from where an MLDE naturally arises. This is similar in spirit 
to Zhu's [Z] analysis of correlation functions for the modules of CVcofinite 
VOAs but has the advantage of being considerably less technical. 

We recall the genus one partition function 

Z v {r) = Tr v (q L °~ c ^), 

the 1-point correlation function for a G V 

Z v {a, r) = Ti v o{a)q L °- c ' 2 \ (194) 

and the 2-point correlation function which can be expressed in terms of 1- 
point functions by 

F v ((a,x),(b,y),r) = Z v (y[a,x]Y[b,y]l,T) (195) 
= Z v {Y[a,x-y}b,r), (196) 

for square bracket vertex operators Y[a, z] = Y(q^°a, q z — 1). 

We define quadratic Casimir vectors in the square bracket VOA formalism 

A H =u «[i_ n ] S a e v [nh 

(for a summed) for basis {u a } and square bracket LiZ dual basis {u a }. Con- 
sider the genus one analogue of (I175p given by the 2-point function 

F v ((u a , x), (u a , y),r) = Z v (Y[u a , x]Y[u a , y]l, r), 

(a summed). Associativity (11961) implies the genus one analogue of (11761) so 
that 

F v ((u a , x), (u a , y), r) = X) M^K t)(x - y) n ~ 2 . (197) 

n>0 

From Zhu's recursion formula I of Theorem 15.71 we may alternatively 
expand F((u a , x), (u a , y), r) in terms of Weierstrass functions as follows 

F v ((u a ,x),(u a ,y),r) = Tr v (o(u a )o(u a )q L °- c / 2i ) 

\m+l 

+ E -^T~ - y> r)Z v (u a [m]u a , t) 

m>l 

= Tr v (o(u a )o(u a )q L °- c / 24 ) - dP 2 (x - y, r)Z v (r). 
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Recalling Theorem 15. II we may compare the (x — y) 2 terms in this expression 
and (11971) to obtain 



Z V (\W, r) = -3dE 4 (r)Z v (T). (198) 

Since (V, Y( ), is isomorphic to (V,Y[ ], it follows that A^ n ^ G 
Vir c iff A™ G Vir c . Thus assuming A^ 4 -* G Vir c we have 

^(A [ V) = - c(5c ^ 22) [4Z y (L[-2] 2 l,r) + (2 + c)Z v (L[-4]l, r)] , 

(199) 

following PUD . The Virasoro 1-point functions Z y (L[-2] 2 l, r), Z V (L[-A)1, r) 
can be evaluated via the Zhu recursion formula II of Theorem 15.101 In par- 
ticular taking u = uj and v of L[0] weight k in (16T!) we obtain the general 
Virasoro recursion formula 

Z v (L[-7i]i;,r) = 5 n ^i v {o{Co)o{v)q L °- c l 2i ) 

+ E (-i) m ( m ^"7 1 ) £Ufl(T)Zv(LHw ' T) - 

0<m<fc ^ ' 

(200) 

But o(u) = Lq — c/24 and hence 

Tr y (o(cu)o(t;)g L o- c / 24 )=^(t;,r), 
where = q-^-. It follows that 

Z v (L[-2]v,r) = D k Z v (v,r)+ £ £ 2+m (r)Z^(L[m]u,r), (201) 

2<m<fc 

where = 6 + kE 2 (T) is the modular derivative f[5U|) . (Zhu makes extensive 
use of the identities (I200p and (12011) in his analysis of correlation functions 
for CVcofinite VOAs [Z]. This is the origin of MLDEs as discussed in Section 

ED- 

We immediately find from fF2UU|) that Z V (L[-A]1, r) = and 



Z v {L[-2] 2 l,r) = D 2 Z v {L[-2}1,t)+E±{t)Z v {L[2}L[-2}1,t) 

Zv(r), 



D 2 + C - Ei (r) 
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where D 2 = D 2 D = (qf) + 2E 2 {r)qj-. Substituting into (IT99|) we find 



(12021) has a regular singular point at q = with indicial roots — c/24 and 
(c + 4)/24. Applying (11931) it follows that there exists a unique solution with 
leading q expansion Z v (t) = q~ c l 2A (l + O(q)). Furthermore, since E 4 (t) is 
holomorphic then Zv(t) is also holomorphic for < \q\ < 1. In summary, 
we find 

Theorem 12.11 // A (4) £ Vir c then Zv(t) is a uniquely determined holo- 
morphic function in fj. 

An immediate consequence of Theorems 112.61 and 112.111 is: 

Theorem 12.12 V = L 9 (1,0) the level one WZW model generated by g. 

Proof. Clearly L S (1,0) C V with u,\( 2 \\^ £ L (1,O). Thus L 8 (1,0) 
satisfies the conditions of Theorem 112.111 for the same central charge c. Hence 



Zl s (i,o)(t) = Z v (t) and so L fl (l,0) = V. 

It is straightforward to substitute Z(t) = q~ c / 24 ^2 n dimV n q n into (1202[) 



and solve recursively for dimV^ as a rational function in c. In this way we 
recover dim Vi = d of (11931) . The next two terms are 



These dimension formulas can be further refined as follows. Consider the 
Virasoro decomposition of V^. 



Zv{t) satisfies the following second order MLDE: 




(202) 



dim V2 



dim V3 



c(804 + 508c + 175c 2 + 25c 3 ) 
2(22-c)(10-c) ' 
c(33344 + 148872c + 68308c 2 + 10330c 3 + 975c 4 + 125c 5 ) 
6(34-c)(22-c)(10-c) 



V 2 = Cu © © P 2 , 



(203) 
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where P 2 is the space of weight two primary vectors. Let p 2 = dimP 2 . Then 
dim V2 = 1 + d + P2 with 

Comparing with Deligne's analysis of the irreducible decomposition of tensor 
products of Q we find that 

p 2 = dim Y" 2 *, 

where Y" 2 * denotes an irreducible representation of g in Deligne's notation 
~j. This is explored further in [T3J. 



Similarly for V3 we find 

V 3 = C[L_icj] © L\q © L_ 2 © L_iP 2 © Pa, 

where P3 is the space of weight three primary vectors. Let p 3 = dimP 3 . 
Then dim V3 = 1 + 2d + P2 + Ps with 

5c(5c + 22) (c - l)(c+ 5) (5c 2 + 268) 
PS ~ 6(34-c)(22-c)(10-c) 
= dim X2 + dim Y% , 

where X2,Y£ denote two other irreducible representations of g in Deligne's 
notation of dimension 



dimX 2 



dimF 3 * 



5c(5c + 22)(c + 6)(c- 1) 
2(10 -c) 2 

5c(5c + 22) (c + 2) 2 (c - 8)(5c - 2)(c - 1) 



6(10-c) 2 (22-c)(34-c) 
12.3 Higher Weight Constructions 

We can generalize the arguments given above to consider a VOA V with 
dim V\ = 0. Here we construct Casimir vectors from the weight two primary 
space P 2 (provided dim P 2 > 0) and obtain constraints on V that follow from 
such Casimirs being Virasoro vacuum descendents. If dim P 2 = we consider 
primaries of weight 3 and so on. In general, let V be a VOA with primary 
vector space Pk of lowest weight K i.e. V n = (Vir c ) n for all n < K so that 

Z v (t) = q- c/2 \Y< dim(Vir c ) n g" + 0(q K )). (205) 

n<K 
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-,m\ — l 



l + q 2 + q 3 + 2q 3 + .. ..) 



(Recall (H2D that £ dim(Vir c ) n g n = [] (1 -<f 

n>0 m>2 

We construct Casimir vectors, as in (11711) . from a P^ basis {u a } and LiZ dual 
basis {u a } 

\ {n) = u« K _ x _ n u a e V n . 

We find the following natural generalization of Theorems 112.111 and 112.121 

Theorem 12.13 Let V be a VOA with primary vectors of lowest weight 
K = 2 or 3. If\( 2K + 2 ) e Vir c then 

(a) Zy{f) of h205\) is a holomorphic function in S) and is the unique 
solution to a MLDE of order K + 1. 

(b) V is generated by Pk- 

Remark 12.14 We conjecture that Theorem \12.13\ holds for all K . 

For K = 2 the elements of P2 satisfy a commutative nonassociative alge- 
bra with invariant (LiZ) form known as a Griess algebra (cf. Exercise 19. 9p . 
Theorem 112.131 implies the dimension of the Griess algebra is 



,. n 1 (5c + 22) (2c- 1) (7c + 68) 

dim Po = ^ 

2 c 2 - 55c + 748 



(206) 



This result originally appeared in [Mat] subject to stronger assumptions. 
Following Remark 112.21 we note that the zeros of the numerator are the zeros 
c P)Q of the Kac determinant det M n (c) for n < 6. There are 37 rational values 
of c for which dimP2 is a positive integer. Furthermore, we may solve Zy{r) 
iteratively for dim V n as rational functions in c. There are 9 values of c for 
which dim V n is a positive integer for n < 400 given by [T3J : 



c 


11 

5 


8 


16 


47 


24 


32 


164 


•m 


40 


dimP2 


1 


155 


2295 


96255 


196883 


139503 


90117 


63365 


20619 



The first five cases can all be realized by explicit constructions. Of par- 
ticular interest is the case c = 24 realized by the FLM Moonshine Module 

with Zyb(r) = j(r) — 744 for which P2 is the original Griess algebra of 
dimension 196883 and whose automorphism group is the Monster group (cf. 
Subsection I9.4p . There are constructions for c = 32 and 40 with the appro- 
priate partition function but it is not known if A 1 - 6 ** G Vir c . There are no 

known constructions for c = ^ and ^p. 

5 7 



107 



For K = 3 we find 



„ (5c + 22) (2c - 1) (7c + 68) (5c + 3) (3c + 46) 
3 ~ -5c 4 + 703c 3 - 32992c 2 + 517172c - 3984 ' 

where the zeros of the numerator are Kac determinant zeros c VA for (p — 
l)(q — 1) = n < 8. Iteratively solving the appropriate MLDE for Zy(r) we 
find dim P3 and dim V n are positive integral for only 3 rational values of c 



c 


114 
7 


4 
5 


48 


dimP3 


1 


1 


42987519 



The first two examples can be realized by known VOAs. For c = 48 we 
find Zy(r) = J(t) 2 — 393767 which, intruigingly, is the partition function of 
the minimal holomorphic VOA briefly discussed in Subsection 19.41 



13 Appendices 

13.1 Lie Algebras and Representations 

An associative algebra is a linear space A equipped with a bilinear, associative 
product A ® A — > A, denoted by juxtaposition. Thus a ® b 1— ► ab and 

(ab)c = a(bc). 

A Lie algebra is a linear space L equipped with a bilinear product (usually 
called bracket) [ ] : L <S> L — ► L such that 

[ab] = —[ba] (skew-commutativity) 
[a[bc]] + [b[ca]] + [c[ab]] = (Jacobi identity) 

An associative algebra A gives rise to a Lie algebra A~ on the same linear 
space by defining [ab] = ab — ba. A basic example is End(V) for a linear 
space V, where the associative product is composition of endomorphisms. 
This situation can be exploited using another basic associative algebra, the 
tensor algebra 

T{V) = ® n > V® n = C®V @V ®V@ ... 

over V . Let 1 : V — > T(V) be canonical identification of V with the degree 
1 piece of T(V). The universal mapping property (UMP) for tensor algebras 
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says that any linear map / : V — > A into an associative algebra A has a 
unique extension to a morphism of associative algebras a : T(V) — > A: 

V — ^ A 
t\ la 
T(V) 

with / = a o l. 

A representation of a Lie algebra L is a linear map n : L — > End(V) for 
some V such that 

7r([a6]) = 7r(a)7r(6) — 7r(6)7r(a). 

That is, 7r : L — > End(V)~ is a morphism of Lie algebras. We call V an 
L-module. 

UMP provides an extension of 7r to a morphism of associative algebras 
a : T(L) — > End(V). Identifying a <E L with its image in T(L), we see that 
for a,b G L 

a(a ®b — b ® a — [ab]) = a(a)a(b) — a(b)a(a) — a([ab]) 

= 7i(a)7i(b) — 7r(6)7r(a) — 7r([a6]) 
= 0. 

Let J C T(L) be the 2-sided ideal generated by a ® 5 — b®a— [ab], a,b E L, 
and set 

U{L) = T(L)/J. 

This is the universal enveloping algebra of L. Thus every representation n 
of L extends to a representation of the universal enveloping algebra in a 
canonical way: 

L End(V) 
W(L) 

where t' is the composition L — > T(L) — > W(L) 
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Theorem 13.1 (PBW Theorem). Fix an ordered basis x±, x 2 , ■ ■ ■ of L, with 
x~i the image of Xi in U (L) . Then 

{x h x i2 ...x ik I %\ > i 2 > ■ ■ ■ > %k > 1} 
is a basis for U (L) . 

From PBW we see that u' is injective. Then for a representation of U(L), 
restriction to the subspace L = l(L) furnishes a representation of L. In 
this way, representations of L and U(L) determine each other in a canonical 
fashion - a statement that can be better stated using categories of modules. 

The Lie algebra L has a triangular decomposition if it decomposes as 

L = L + © L° © LT 



such that L ± ,L° are Lie subalgebras, and the bracket satisfies 

[L+L-] C L°, [L ± L°] C L ± . 

Use of PBW and an appropriate choice of (ordered) basis leads to an identi- 
fication 

U{L) = U{L~) © U(L°) © U{L + ). 

Noting that L° © L + C L is a Lie subalgebra, let vr : L° © L + -> End(F) 
be a representation. The induced module is 

Ind(l/) = Ind^2 0i+) y := W(L) © w(L o eL+) V = W(L") © V. (207) 

It is a W(L)-module, hence also an L-module upon restriction. A ubiquitous 
special case occurs when V is an L°-module, which then becomes an L°©L + - 
module by letting L + annihilate V . 



Exercise 13.2 Show that the following Lie algebras have natural triangular 

decompositions: 

(a) Heisenberg algebra A with 

A+ = © n>0 Ca © t n , A~ = © n<0 Ca © t n , A° = Ca © t° © CK. 
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(b) Virasoro algebra Vir with 

Vtr + = ® n>0 CL n , Vir~ = ® n<0 CL n , Vir = CL © CK. 

(c) Finite- dimensional simple Lie algebra (equipped with a choice of Car- 
tan subalgebra and root system) with L + = {positive root spaces}, L~ = 
{negative root spaces}, L° = {Cartan subalgebra} . 

13.2 The Square Bracket Formalism 

We prove (fIS]) - (fT8l) of Subsection 12.71 The square bracket vertex operator 

dH, (USD is 

Y[v,z] = qf^Y(v,q z -l). 
Thus the square bracket modes of Y[v, z] = J2rn^z v [ m \ z ^ m ~ 1 are gi ven by 

v[m] = Res z Y(v,q z -l)z m qf {v) 

= Res z Y(v,q z - l)-^(q z - l)z m qf^-\ 

We may rewrite this in terms of w = q z — 1 = z + 0(z 2 ) by means of a 
(formal) chain rule [FHL] . [Z] so that 

v[m] = Res w Y(v,w)z(w) m q^ v ) ) - 1 

= Res w Y(v, w) ln(l + w) m {l + w) wt(v) -\ 

Defining c(wt(v),i, m) for i > m > by 

V c(wt(v),i, m)w i = ln(l + w) m (l + w) wt ^-\ 
/ — ' ml 

i>m 

we obtain ( fT6l) . 

Next note that ^2 ln(l + w) m x m = (1 + w) x . Hence we find 

m>0 

i 

c(wt(v),i, m)w t x 

i>0 m=0 



= {1 + w) wt{v) ~ 1+x , 
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from which (j!7p follows. Finally, 



^2 ^c(wt(v),i,m)(k+ l-wt{v)) m Vi 

i 

^2 v i^2 c(wt(v),i, m)(k + l- wt(v)) m , 

i>0 m=0 

giving f[T8"j) . 
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